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LOCAL AND GLOBAL APPLICATIONS OF THE MINIMAL
MODEL PROGRAM FOR CO-RANK ONE FOLIATIONS
ON THREEFOLDS
CALUM SPICER AND ROBERTO SVALDI
Abstract. We show that the Minimal Model Program for co-rank one
foliations on threefolds terminates by proving foliation flips terminate.
Moreover, we recover a full suite of powerful results on the birational
structure of co-rank one foliations on threefolds (Connectedness theo-
rem, Inversion of adjunction, Non-vanishing theorem), despite the well-
known failure of the foliated analogue of the vanishing results which
are (classically) used to prove these statements in the Minimal Model
Program in the case of log pairs.
We then turn to several applications of the MMP to the analysis of
local and global properties of foliations on threefolds. In particular, we
study foliation singularities proving the existence of first integrals for iso-
lated canonical foliation singularities (an extension of Malgrange’s theo-
rem) and derive a complete classification of terminal foliated threefolds
singularities. We show the existence of separatrices for log canonical
singularities. We also prove some hyperbolicity properties of foliations,
showing that the failure of the canonical bundle to be nef implies the
existence of entire holomorphic curves contained in the open strata of a
natural stratification of the singular locus of the foliation.
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Introduction
Our primary goal in this paper is the study of the local and global prop-
erties of foliations through the lens of the foliated minimal model program
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(MMP). The MMP aims at understanding the local and global structure of
foliations on algebraic varieties via birational geometry, in analogy with the
birational classification of algebraic varieties – which acts just as a guiding
principle rather than an absolute dictionary.
The birational classification of foliations has seen many important ad-
vancements in recent years: in dimension 2, we have a very clear and effec-
tive picture of the classification of rank 1 foliations, [McQ08, Bru00, Men00,
PS19]; in dimension three, several foundational steps have been established
in the direction of a full classification both for rank 1, [BM16], and rank 2
foliations on algebraic threefolds, [Spi17, CS18]. The situation in dimension
greater than 3 is still quite obscure; for instance, we already lack resolution
of singularities in this context.
The foliated version of the MMP naturally suggests a unique perspective
on foliation singularities by classifying them according to a numerical in-
variant assigned to each singularity: the discrepancy. Loosely speaking, the
discrepancy measures how the canonical divisor of a foliation transforms
when we pass to a birational model of a given foliation and how such a
transformation is influenced by the presence of singularities. The four main
classes of singularities (ordered from least singular to most) that are consid-
ered are terminal, canonical, log terminal and log canonical. These classes
are natural from the perspective of the foliated MMP in that they are the
classes of singlarities which may arise during the running of the foliated
MMP (depending on the structure of the initial data).
Intriguingly, recent years have also shown that these classes of singulari-
ties are very natural classes of singularities even outside of their relation to
the MMP hence it is of substantial importance to understand the structure of
these singlarities. For instance, the role that canonical foliation singularities
play in the study of hyperbolicity properties of surfaces has now been clearly
understood since the seminal work of McQuillan, see [McQ98, McQ08]. An-
other case where canonical singlarities play a central role is the classifica-
tion of foliations with trivial canonical bundle, see [LPT18, Dru18]. Indeed,
among others, an important ingredient in the classification is a careful anal-
ysis of the interplay between the local dynamics of log canonical singularities
on surfaces and their reduction to characteristic p.
Holomorphic first integrals and singular foliations. One of the first
fundamental results in the study of singular foliations on smooth varieties
is a theorem of Malgrange, [Mal76] asserting that the classical Frobenius
integrability criterion holds even in the presence of foliated singularities,
provided that the codimension of the singular locus of the foliation is at
least 3. We are able to prove a version of Malgrange’s theorem on singular
varieties which we expect will be useful in the study of canonical foliation
singularities in higher dimensions.
Theorem 0.1. [= Theorem 5.1][Generalized Malgrange’s Theorem for canon-
ical singularities] Let P ∈ X be a germ of an isolated (analytically) Q-
factorial threefold singularity with a co-rank 1 foliation F . Suppose that F
has an isolated canonical singularity at P .
Then F admits a holomorphic first integral.
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The problem of generalizing Malgrange’s theorem to singular spaces has
also been considered in [CLN08]. We remark if P ∈ X is an arbitrary germ
of an isolated singularity and F is smooth away from P then F may not
admit a holomorphic first integral, thus some additional hypotheses on X
or F are necessary.
By means of Theorem 0.1 we can also produce a complete classification
of terminal foliation singularities on threefolds.
Theorem 0.2 (= Theorem 5.19). Let P ∈ X be a germ of normal variety
with a co-rank 1 foliation F with terminal singlarities. Then F admits a
holomorphic first integral.
Moreover, up to a Z/nZ×Z/mZ-cover, F admits a holomorphic first integral
φ : (P ∈ X) → (0 ∈ C), where φ−1(0) is a Du Val surface singularity and
φ−1(t) is smooth for t 6= 0. In particular, X is terminal. Moreover, (X,F)
fits into the finite list of families contained in Proposition 5.18.
We remark that in Theorem 5.19 we make no assumption on the singu-
larities of the underlying space other than normality.
Using these ideas we are also able to provide a structural statement on
terminal foliation flips that shows how terminal foliation flips can be reduced
to the study of the flips of a fibration, see Theorem 5.21.
Existence of separatrices for singular foliations. We next prove a re-
sult on the existence of separatrices of log canonical foliation singularities.
Loosely speaking a separatrix may be thought of as a local solution to the
differential equation defining the foliation. It is an interesting and challeng-
ing problem to decide when a foliation singularity admits a separatrix. The
existence of a (converging) separatrix is an essential element in the study of
foliations singularities as it can be used to reduce the study of the singularity
to a lower dimensional problem, via the adjunction formula, cf. §2.2.
While separatrices do not necessarily exist around a general foliated sin-
gularity, we prove their existence for a large and natural class of foliation
singularities.
Theorem 0.3. [= Theorem 6.1] Let F be a germ of a log canonical foliation
singularity on 0 ∈ C3. Then F admits a separatrix.
Our strategy of proof actually provides a more general version of this
result allowing the underlying analytic germ to be singular.
In [CC92] it is shown that non-dicritical foliation singularities always ad-
mit separatrices, confirming a conjecture of R. Thom. Log canonical singlar-
ities are in general dicritical and so [CC92] does not apply to prove existence
of separatrices for this class of singularities. The problem of finding separa-
trices for dicritical singularities has also been considered by [MS19] where
the existence of a separatrix is proven under the assumption that the folia-
tion singularity is of toric type. We remark again that in general a dicritical
singularity will have no separatrices.
We expect that Theorem 0.3 could be used to examine a local analogue of
a conjecture of Brunella that has been formulated in [CRVS15] and explored
in [CRV15].
4 CALUM SPICER AND ROBERTO SVALDI
Foliations and hyperbolicity. One of the fundamental ideas of the fo-
liated MMP is that the negativity of foliated log pairs (F ,∆) with mild
singularities is governed by the presence of rational curves, see, for example,
[Spi17]; hence, it is of primary importance to understand the existence and
the position of rational curves on a foliated variety. Not only this task is
important from the point of view of the study of birational properties of
foliations, but it can also be employed to determine the existence (or lack
thereof) of rational points in a number theoretic context.
We prove a foliated version of the main result of [Sva14] which relates the
hyperbolicity of a foliation to an analysis of the log canonical singularities
of a foliation. Given a foliated pair (F ,∆) and an lc center S we will denote
by S¯ ⊂ S the locally closed subvariety obtained by removing from S the lc
centers of (F ,∆) strictly contained in S.
Theorem 0.4 (= Theorem 7.1). [Foliated Mori hyperbolicity] Let (F ,∆)
be a foliated log canonical pair on a normal projective threefold X. Assume
that
• X is klt,
• there is no non-constant morphism f : A1 → X \ Nklt(F ,∆) which
is tangent to F , and
• for any stratum S of Nklt(F ,∆) there is no non-constant morphism
f : A1 → S¯ which is tangent to F .
Then KF +∆ is nef.
This result already says something of interest even in the case where
X is smooth and F has simple singularities. Already in this situation, in
fact, Nklt(F ,∆) is non-empty as every stratum of sing(F) together with
the F-invariant divisors are contained in Nklt(F ,∆). Moreover, while our
approach relies on techniques that are completely algebraic in nature, this
kind of hyperbolicity result has implications also in relation to the usual
trascendental setting. In fact, as pointed out in the introduction of [MP12],
Gromov bubbling together with Green’s Lemma, cf. [Gre77], imply that,
given a sequence of maps fn from a Riemann surface Σ to a simple normal
crossing pair (X,D) converging (uniformly on compact sets) to a a disc
with non-trivial bubbles, the bubbles are algebraic copies of P1 and must be
contained either in X \ D or in D. The rational curves whose existence is
implied by Theorem 0.4, when KF+∆ is not nef, are exactly manifestations
of this hyperbolicity phenomenon (or lack thereof).
As an application, we prove the following result on the structure of (weak)
Fano foliations which offers a nice complement to the study of this type of
foliations that was begun in [AD13]. We denote by sing∗(F) the union of
all codimension 2 components of sing(F).
Theorem 0.5 (=Corollary 2.3). Let X be a smooth projective threefold and
let F be a co-rank 1 foliation on X.
Suppose that −KF is big and nef. Then either
(1) F has an algebraic leaf; or
(2) sing∗(F) is connected.
APPLICATIONS OF THE MMP FOR CO-RANK 1 FOLIATIONS ON 3-FOLDS 5
Themain ingredient in these results is the foliated bend-and-breakmethod,
via the Cone and Contraction Theorem, cf. §7; we use that to show the exis-
tence of rational curves if KF+∆ is not positive enough. In order to control
the relative position of the rational curves we construct with respect to the
strata of the foliated non-klt locus, we then use the foliated analogue of the
Connectedness Theorem, proven in Section 2.
The Minimal Model Program for co-rank 1 foliations on three-
folds. In [Spi17] and [CS18] much the of minimal model program for rank
2 foliations on threefolds was completed, including a cone and contraction
theorem, existence of flips and special termination. However, an uncondi-
tional termination of flips theorem was not proven. We prove a termination
theorem, therefore completing the statement of the MMP for F-dlt pairs.
F-dlt singularities are a very large and natural class of foliated singularities;
for example, they include pairs (X,F) such that X is smooth, F has simple
singularities and ∆ has normal crossings with respect to F : in fact, F-dlt
singularities constitute the smallest class of pairs in which the MMP for
pairs (X,F) as above can take place.
Theorem 0.6 (= Theorem 4.1). Let X be a Q-factorial quasi-projective
threefold. Let (F ,∆) be an F-dlt pair. Then starting at (F ,∆) there is no
infinite sequence of flips.
A direct consequence of termination and the work in [CS18] is the fol-
lowing non-vanishing theorem. This type of result constitutes the starting
point in the study of the foliated version of the Abundance Conjecture for
foliated pairs in dimensione higher than 2.
Theorem 0.7 (= Theorem 4.4). Let F be a co-rank one foliation on a
normal projective Q-factorial threefold X. Let ∆ be a Q-divisor such that
(F ,∆) is a F-dlt pair. Let A ≥ 0 and B ≥ 0 be Q-divisors such that
∆ = A+B and A is ample. Assume that KF +∆ is pseudo-effective
Then KF +∆ ∼Q D ≥ 0.
We then turn our attention to the study of the non-klt centres of foliations.
One of our central results in this direction is the proof of a foliated analogue
of the connectedness of non-klt centres.
Theorem 0.8 (= Theorem 2.1). Let X be a projective Q-factorial threefold
and let F be a rank 2 foliation on X. Let (F ,∆) be an F -dlt pair on X.
Assume that −(KF +∆) is nef and big. Then Nklt(F ,∆) is connected.
We also prove a relative analogues of the above theorem.
As a consequence of this statements we are able to prove a foliated ver-
sion of inversion of adjunction. This is a crucial result as it allows us to
extract information about the singularities of a foliated germ, by studying
the singularities of the restriction of the foliation to an lc center.
Theorem 0.9 (Theorem 2.12). Let X be a Q-factorial threefold and let F
be a co-rank one foliation. Consider a prime divisor S and an effective Q-
divisor ∆ on X which does not contain S in its support. Let ν : Sν → S
be the normalisation and let G be the restricted foliation to Sν and write
(KF +∆)|Sν = KG +Θ. Suppose that
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• if ǫ(S) = 1 then (G,Θ) is lc;
• if ǫ(S) = 0 then (Sν ,Θ) is lc.
Then (F , ǫ(S)S +∆) is lc in a neighborhood of S.
We refer the reader to §2.3 for a discussion of this result and its relation-
ship to the adjunction formula for lc pairs, cf. §2.2.
We also remark that classically, in the category of algebraic varieties or
that of log pairs, results like Theorem 2.1 or Theorem 2.12 are proven by
way of various vanishing theorems which do not hold in the foliated setting.
Thus many of our arguments are designed to get around this difficulty and
so their proofs may be of interest outside of their immediate applications to
the study of foliations.
Sketch of the proofs. We now briefly sketch some of the ideas behind our
proofs.
The central idea in Theorem 5.1 is to show that the underlying space X
of a germ P ∈ X of a canonical foliation F has a klt singularity at P . This
follows by constructing a well chosen partial resolution and then adapting
some ideas of McQuillan, [McQ08, Theorem IV.2.2]. We can then use results
on the topology of klt singularities to prove that if ω is a defining 1-form for
F then there exists a holomorphic Godbillon-Vey sequence for ω, see §5.2.
It follows from the existence of such a sequence that F admits a formal
first integral. Using some ideas of [MM80] we can deduce the existence of a
convergent first integral.
Theorem 6.1 is perhaps best explained by the following example. Let
G be a foliation on P2 and let F be the cone over G as a foliation in a
neighborhood of 0 ∈ C2. There is a correspondence between separatrices of
F and algebraic invariant divisors of G. Observe that F has a log canonical
singularity at 0 only if KG = OP2 or OP2(−1). In the latter case G is
uniruled and so there are many invariant divisors. In the former case, we
may assume that G has canonical singularities, otherwise it is again uniruled,
and is defined by a global vector field. It is well known that a global vector
field on P2 with canonical singularities has an invariant divisor; we quickly
explain how to deduce its existence. Let X → P2 be a blow up of P2 in a
singular point of G, and let H be the transformed foliation on X. Notice
that we have a map p : X → P1 and H is transverse to the general fibre of
this projection. Even better, we know that KH = p
∗KP1 +
∑
kiFi where
the Fi are H invariant fibres. Since KH = 0 this implies there is at least
one H invariant fibre, which pushes forward to give a G invariant divisor.
The general case of Theorem 6.1 follows by passing to a partial resolution
which extracts a single divsior transverse to the foliation and such that the
restricted foliation is of Calabi-Yau type. We can then argue based on the
classification of such foliations.
In [CS18] a special case of termination was proven which reduces proving
Theorem 4.1 to the case where the foliation has log terminal singularities.
Let C be a flipping curve and let S be a germ of an invariant surface con-
taining C. The singularities of X and F are mild enough in this case (very
close to being a quotient of a smooth foliation on a smooth variety) that
we are able to extend Bott’s partial connection to this setting. Examining
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this connection along C and S we can deduce that S · C = 0. By some
computations from [Spi17] we deduce that KF ·C = (KX +S) ·C and so in
fact that KF flip is a KX flip. We conclude by observing that there is no
infinite sequence of threefold KX-flips. Finally, we present another example
of a foliation flip, see Example 4.7.
We finally discuss the proof of the hyperbolicity result, Theorem 7.1, in
§7. The cone theorem for foliated log canonical pairs (F ,∆) predicts the
existence of KF+∆-negative rational curves whenKF+∆ is not nef. Hence,
it is natural to wonder what the interaction of such curves is with respect to
the non-klt locus of the pair (X,∆); the non-klt locus is a very important
subvariety encoding lots of geometric information. Working by induction
on the set of lc centers for (F ,∆) (ordered by inclusion), we can assume
that the cone theorem provides with a (KF + ∆)-negative rational curve
C which is contained in an lc center S and such that the restriction. For
the sake of simplicity, let us assume that KF + ∆ is nef when restricted
to the non-klt locus. Therefore, the generic point of C is contained in
X \Nklt(F ,∆). Not only does the cone and contraction theorem guarantee
the existence of KF+∆-negative rational curves, it guarantees the existence
of a contraction morphism f : X → Z whose fibers are covered by negative
rational curves that are numerically equivalent to multiples of C. As the
restriction of KF +∆ to the non-klt locus is nef, it follows that those fibers
of f that have dimension at least one must be either contained in X \
Nklt(F ,∆) or they have dimension exactly one. In the former case, as those
fibers are rationally connected we immediately produce an embedded copy
of P1 ⊂ (X \Nklt(F ,∆)). Otherwise, it is not hard to see that each positive
dimensional fiber F of f is a tree of rational curves; hence, it suffices to show
that the intersection of the F and Nklt(F ,∆) is supported at exactly one
point on the normalization of some component of F . But this last statement
is an immediate consequence of the foliated version of the connectedness
theorem, 2.1.
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1. Preliminaries
Notations and conventions. By the term variety, we will always mean
an integral, separated, projective scheme over an algebraically closed field
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k. Unless otherwise stated, it will be understood that k = C.
Unless otherwise specified, we adopt the same notations and conventions as
in [KM98].
A contraction is a projective morphism f : X → Y of quasi-projective
varieties with f∗OX = OZ . If X is normal, then so is Z and the fibers
of f are connected. A proper birational map f : X → Y of normal quasi-
projective varieties is a birational contraction if f−1 does not contract any
divisor.
Given a Weil R-divisor D and a prime divisor E, we will denote by µED
the coefficient of E in D. If D is an Weil R-divisor on a normal variety X
then for any c ∈ R we define
D∗c :=
∑
µED ∗ c
µED E,
where ∗ is any of =,≥,≤, >,<. We define the round down ⌊D⌋ of D to
be
∑n
i=1⌊µPiD⌋Pi. The round up ⌈D⌉ of D is defined analogously. The
fractional part {D} of D is defined as {D} := D − ⌊D⌋.
The support Supp(D) of an R-divisor D is the union of the prime divisors
appearing in D with non-zero coefficient, Supp(D) :=
⋃
µED 6=0
E.
1.1. Recollection on foliations and singularities. A foliation on a nor-
mal variety X is a coherent subsheaf F ⊂ TX such that
(1) F is saturated, i.e. TX/F is torsion free, and
(2) F is closed under Lie bracket.
The rank of F is its rank as a sheaf. Its co-rank is its co-rank as a
subsheaf of TX .
The canonical divisor of F is a divisor KF such that O(KF ∼= det(F).
Alternatively, one can define a foliation by a subsheaf of the cotangent
sheaf N∗F ⊂ Ω
1
X which is saturated and integrable. F can be recovered as
the annihilator of N∗F . We call N
∗
F the conormal sheaf of F .
Given a dominant rational map f : Y 99K X and a foliation F on X we
may pullback F to a foliation on Y , denoted f−1F .
1.2. Foliation singularities. Frequently in birational geometry it is useful
to consider pairs (X,∆) where X is a normal variety, and ∆ is a Q-Weil
divisor such that KX +∆ is Q-Cartier. By analogy we define
Definition 1.1. A foliated pair (F ,∆) is a pair of a foliation and a Q-Weil
(R-Weil) divisor such that KF +∆ is Q-Cartier (R-Cartier).
Note also that we are typically interested only in the cases when ∆ ≥
0, although it simplifies some computations to allow ∆ to have negative
coefficients.
Given a birational morphism π : X˜ → X and a foliated pair (F ,∆) on X
let F˜ be the pulled back foliation on X˜ and π−1∗ ∆ be the strict transform.
We can write
KF˜ + π
−1
∗ ∆ = π
∗(KF +∆) +
∑
a(Ei,F ,∆)Ei.
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Definition 1.2. We say that (F ,∆) is terminal, canonical, log termi-
nal, log canonical if a(Ei,F ,∆) > 0, ≥ 0, > −ǫ(Ei), ≥ −ǫ(Ei), respec-
tively, where ǫ(D) = 0 if D is invariant and 1 otherwise and where π varies
across all birational morphisms.
If (F ,∆) is log terminal and ⌊∆⌋ = 0 we say that (F ,∆) is foliated klt.
Notice that these notions are well defined, i.e., ǫ(E) and a(E,F ,∆) are
independent of π.
Observe that in the case where F = TX no exceptional divisor is invariant,
i.e., ǫ(E) = 1, and so this definition recovers the usual definitions of (log)
terminal, (log) canonical.
We remark that we will be using the terminal, etc. classification to refer
to both the singularities of the foliation and the singularities of the under-
lying variety. If necessary we will use the term foliation terminal, etc. to
emphasize the fact that we are talking about the singularities of the foliation
rather than the variety.
Definition 1.3. Given a pair (F ,∆) we say that W ⊂ X is a log canonical
centre (lc centre) of (F ,∆) provided it is log canonical at the generic point
of W and there is some divisor E of discrepancy −ǫ(E) on some model of
X dominating W .
Notice that in the case that ǫ(E) = 0 for all exceptional divisors over a
centre the notions of log canonical and canonical coincide. In this case we
will still refer to canonical centres as log canonical centres.
Remark 1.4. Any F-invariant divisor D is an lc centre of (F ,∆) since D
shows up in ∆ with coefficient at least 0 = ǫ(D).
Moreover, a direct computation shows that any strata of a simple singu-
larity is an lc centre.
We have the following nice characterization due to [McQ08, Corollary
I.2.2.]:
Proposition 1.5. Let 0 ∈ X be a surface germ with a terminal foliation
F . Then there exists a smooth foliation, G, on a smooth surface, Y , and a
cyclic quotient Y → X such that F is the quotient of G by this action.
Example 1.6. Consider a germ of a vector field on C2 ∂ = a(x, y) ∂∂x +
b(x, y) ∂∂y and suppose that ∂ is singular at 0. We get an induced linear
map ∂ : m/m2 → m/m2 which is non-nilpotent if and only if the foliation
generated by ∂ is log canonical.
If the foliation generated by ∂ is log canonical and non-dicritical then it
is in fact canonical, For example, for λ 6= 0 consider x ∂∂x +λy
∂
∂y . If λ ∈ Q≥0
the foliation is log canonical and not canonical. Otherwise the foliation is
canonical.
We will also make use of the class of simple foliation singularities:
Definition 1.7. We say that p ∈ X withX smooth is a simple singularity
for F provided in formal coordinates around p, N∗F is generated by a 1-form
which is in one of the following two forms, where 1 ≤ r ≤ n.
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(1) There are λi ∈ C
∗ such that
ω = (x1 · ... · xr)(
r∑
i=1
λi
dxi
xi
) (1.1)
and if
∑
aiλi = 0 for some non-negative integers ai then ai = 0 for
all i.
(2) There is an integer k ≤ r such that
ω = (x1 · ... · xr)(
k∑
i=1
pi
dxi
xi
+ ψ(xp11 ...x
pk
k )
r∑
i=2
λi
dxi
xi
) (1.2)
where pi are positive integers, without a common factor, ψ(s) is a
series which is not a unit, and λi ∈ C and if
∑
aiλi = 0 for some
non-negative integers ai then ai = 0 for all i.
By Cano, [Can04], every foliation on a smooth threefold admits a resolu-
tion by blow ups centred in the singular locus of the foliation such that the
transformed foliation has only simple singularities.
We recall the definition of non-dicritical foliation singularities.
Definition 1.8. Given a foliated pair (X,F) we say that F has non-
dicritical singularities if for any sequence of blow ups π : (X ′,F ′)→ (X,F)
and any q ∈ X we have π−1(q) is tangent to the foliation.
Remark 1.9. Observe that non-dicriticality implies that if W is F invariant,
then π−1(W ) is F ′ invariant.
Definition 1.10. Given a germ 0 ∈ X with a foliation F such that 0 is a
singular point for F we call a (formal) hypersurface germ 0 ∈ S a (formal)
separatrix if it is invariant under F .
Note that away from the singular locus of F a separatrix is in fact a leaf.
Furthermore being non-dicritical implies that there are only finitely many
separatrices through a singular point. The converse of this statement is
false.
We recall the class of F-dlt singularities introduced in [CS18].
Definition 1.11. Given a normal variety X, a co-rank one foliation F and
a foliated pair (F ,∆) we say that (F ,∆) is foliated log smooth provided
the following hold:
(1) (X,∆) is log smooth.
(2) F has simple singularities.
(3) If S is the support of the non-invariant components of ∆ then for
any p ∈ X if Σ1, ...,Σk are the separatrices of F at p (formal or
otherwise), then S ∪ Σ1 ∪ ... ∪ Σk is normal crossings at p.
Given a normal variety X, a co-rank one foliation F and a foliated pair
(F ,∆) a foliated log resolution is a high enough model π : (Y,G) →
(X,F) so that (Y, π−1∗ ∆ +
∑
iEi) is foliated log smooth where the Ei are
all the π-exceptional divisors.
Such a resolution on threefolds is known to exist by [Can04]
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Definition 1.12. Let X be a normal variety and let F be a co-rank one
foliation on X. Suppose that KF +∆ is Q-Cartier.
We say (F ,∆) is foliated divisorial log terminal (F-dlt) if
(1) each irreducible component of ∆ is transverse to F and has coeffi-
cient at most 1, and
(2) there exists a foliated log resolution (Y,G) of (F ,∆) which only
extracts divisors E of discrepancy > −ǫ(E).
1.3. Pulling back 1-forms. We will need the following result proven in
[Keb13].
Proposition 1.13. Let f : X → Y be a morphism of complex varieties.
Suppose that (Y,D) is klt for some D ≥ 0. Then there exists a pull-back
morphism
dreflf : f
∗Ω
[p]
Y → Ω
[p]
X
which satisfies the composition law and agrees with the pull-back morphism
for Ka¨hler differentials.
It is important to observe that this pull-back morphism exists even if
f(X) ⊂ sing(Y ). We quickly make note of the following special case of the
above proposition.
Corollary 1.14. Let P ∈ X be an isolated singularity and let µ : Y → X be
a resolution of singularities of X and let E be an irreducible µ-exceptional
divisor. Let ω ∈ Ω
[1]
X and let ω˜ = dreflω and let ω˜E be the restriction of ω˜
to E. Then ω˜E = 0.
Proof. This follows by considering the following diagram
E Y
P X
i
µE µ
j
where i and j are the inclusions. By the functoriality of drefl we have that
ω˜E = (drefli ◦ dreflµ)ω = (dreflµE ◦ dreflj)ω.
However, since P is a point we have that drefljω = 0 and our result follows.

1.4. The Negativity Lemma. We will frequently refer to the Negativity
Lemma. For the reader’s convenience we include it here. For a proof see
[KM98, Lemma 3.39].
Lemma 1.15 (Negativity Lemma). Let h : Z → Y be a proper birational
morphism between normal (analytic) varieties. Let −D be a h-nef R-Cartier
R-divisor. Then
(1) D is effective if and only if h∗D is.
(2) Assume that D is effective. Then for every y ∈ Y , either h−1(y) ⊂
supp(D) or h−1(y) ∩ supp(D) = ∅.
The Negativity lemma has the following useful consequence.
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Lemma 1.16. Let φ : X 99K X ′ be a birational map between normal vari-
eties and let
X X ′
Y
f
φ
f ′
be a commutative diagram, where Y is a normal variety and f and f ′ are
proper birational morphisms. Let (F ,∆) be a foliated pair on X and let
(F ′,∆′) be the induced foliation pair on X ′. Assume that −(KF + ∆) is
f -ample and KF ′ +∆
′ is f ′-ample.
Then, for any valuation E on X, we have
a(E,F ,∆) ≤ a(E,F ′,∆′).
Moreover, the inequality holds if f or f ′ is not an isomorphism above the
generic point of the centre of E in Y .
1.5. F-dlt modifications. The following result was proven in [CS18, The-
orem 8.1].
Theorem 1.17 (Existence of F-dlt modifications). Let F be a co-rank one
foliation on a normal projective threefold X. Let (F ,∆) be a log canonical
foliated pair.
Then there exists a birational morphism π : Y → X which extracts divi-
sors E of foliation discrepancy = −ǫ(E) such that if we write KG + Γ +
F = π∗(KF + ∆) where Γ = π
−1
∗ ∆ +
∑
i ǫ(Ei)Ei and where Ei are the
π-exceptional divisors then F ≥ 0 and (G,Γ) is F-dlt.
Furthermore, we may choose (Y,G) so that
(1) if W is an lc centre of (G,Γ) then W is contained in a codimension
one lc centre of (G,Γ),
(2) Y is Q-factorial and
(3) Y is klt.
While the original statement of [CS18, Theorem 8.1] assumes that the
variety X be Q-factorial this assumption is used nowhere in the course of
the proof. For this reason we have eliminated such assumtpion from the
statement of 1.17.
1.6. Singularities of X vs. singularities of F. The following is proven
in [CS18]. Because we will refer to it frequently we include it here.
Theorem 1.18. Let (F ,∆) be a foliated pair on a threefold X. Assume
that either
(1) (F ,∆) is F-dlt or
(2) (F ,∆) is canonical.
Then F has non-dicritical singularities. Furthermore, if (F ,∆) is F-dlt
and KX is Q-Cartier then X is klt.
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1.7. Special termination. We recall the following theorem proven in [CS18]:
Theorem 1.19 (Special Termination). Let X be a Q-factorial quasi-projective
threefold. Let (F ,∆) be an F-dlt pair. Suppose (Fi,∆i) is an infinite se-
quence of KFi + ∆i-flips. Then after finitely many flips, the flipping and
flipped locus is disjoint from the lc centres of (Fi,∆i). In particular, (Fi,∆i)
is log terminal in a neighborhood of each flipping curve.
1.8. MMP with scaling. A version of the MMP with scaling was proven
in [CS18], however, for our purposes we will need the MMP with scaling in
a slightly different form than presented there. Here we briefly explain the
necessary adjustments.
We make note of the following easy consequence of the cone theorem for
foliations, [Spi17].
Lemma 1.20. Let X be a Q-factorial projective threefold and let F be a
co-rank 1 foliation on X. Let ∆ = A+B be a Q-divisor such that (F ,∆) is
F-dlt where A ≥ 0 is an ample Q-divisor and B ≥ 0. Then there are only
finitely many KF +∆-negative extremal rays in NE(X).
Proof. Let ǫ > 0 be sufficiently small so that ∆′ := ∆ − ǫA is effective.
By the cone theorem for foliations applied to the pair (F ,∆′) we see that
the KF + ∆
′-negative extremal rays are locally discrete in the half space
NE(X)K
F+∆′<0 and so there are only finitely many KF +∆
′+ ǫA-negative
extremal rays. 
This has the following corollary proven in [CS18, Lemma 9.2].
Corollary 1.21. Let X be a normal projective Q-factorial threefold and let
F be a co-rank one foliation on X. Let ∆ = A+B be a Q-divisor such that
(F ,∆) is a F-dlt pair where A ≥ 0 is ample and B ≥ 0.
Suppose that KF +∆ is not nef by KF +∆+C is nef for some Q-divisor
C. Let λ = inf{t > 0 : KF +∆+ tC is nef}. Then there exists a KF +∆-
negative extremal ray R such that (KF +∆+ λC) · R = 0.
Proof. Let D := KF +∆+ C. By the cone theorem there are only finitely
many KF +∆-negative extremal rays R1, ..., RN .
Let µ = sup{t > 0 : D + t(KF + ∆)} is nef. Observe that µ =
mini=1,...,N
D·Ri
−(KF+∆)·Ri
and this minimum is realized by some KF + ∆-
negative extremal ray R, and so (D + µ(KF +∆)) · R = 0.
We have D+ µ(KF +∆) = (1 + µ)(KF +∆)+C and so it is easy to see
that λ = 11+µ . 
We recall the following lemma proven in [CS18, Lemma 3.14]
Lemma 1.22. Let X be a normal projective Q-factorial variety and let F be
a co-rank one foliation on X. Let ∆ = A+B be a Q-divisor such that (F ,∆)
is a F-dlt pair, A ≥ 0 is an ample Q-divisor and B ≥ 0. Let ϕ : X 99K X ′ be
a sequence of steps of the (KF+∆)-MMP and let F
′ be the induced foliation
on X ′.
Then, there exist Q-divisors A′ ≥ 0 and C ′ ≥ 0 on X ′ such that
(1) ϕ∗A ∼Q A
′ + C ′,
(2) A′ is ample, and
(3) if ∆′ := A′ + C ′ + ϕ∗B then ∆
′ ∼Q ϕ∗∆ and (F
′,∆′) is F-dlt.
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1.8.1. Running the MMP with scaling. Let X be a projective Q-factorial
threefold and let F be a co-rank 1 foliation on X. Let ∆ = A + B be a
Q-divisor where A ≥ 0 is ample and B ≥ 0 so that (F ,∆) is a F-dlt pair.
Let H be a divisor on X so that KF + ∆ + H is nef. In practice we will
often take H to be some sufficiently ample divisor on X.
Let λ = inf{t > 0 : KF +∆+ tH is nef}. By Corollary 1.21 there exists
a KF +∆-negative extremal ray R such that (KF +∆+ λH) · R = 0. Let
φ : X 99K X ′ be the contraction or flip associated to R.
If φ is a fibre type contraction the MMP terminates and so we may assume
that φ is a divisorial contraction or a flip. Let F ′ be the strict transform of
F , let ∆′ = φ∗∆ and let H
′ = φ∗H. By Lemma 1.22 we may find Θ ∼Q ∆
′
so that (F ′,Θ) is F-dlt and Θ = A′+B′ where A′ ≥ 0 is ample and B′ ≥ 0.
Thus we are free to again apply Corollary 1.21 to KF ′+∆
′+λH ′ and letting
λ′ = inf{t > 0 : KF ′ +∆
′ + tH ′ is nef} we see that λ′ ≤ λ and there exists
a KF ′ +∆
′-negative extremal ray R′ with (KF ′ + ∆
′ + λ′H ′) · R′ = 0. We
are therefore free to continue this process.
Setting X0 := X, F0 := F , ∆0 := ∆ and H0 := H we may produce
a sequence φi : Xi 99K Xi+1 of KFi + ∆i divisorial contractions and flips
contracting an extremal ray Ri and rational numbers λi such that KFi +
∆i + λiHi is nef and (KFi + ∆i + λiHi) · Ri = 0, where Fi,∆i,Hi are the
strict transforms of F0,∆0,H0.
Moreover we have that λi ≥ λi+1, and that Ri ·Hi > 0 for all i. Assuming
the relevant termination of flips we see that this MMP terminates in either
a Mori fibre space or a model where KFi + ∆i is nef. We call this process
the MMP of (F ,∆) (or KF +∆) with scaling of H.
2. Connectedness
2.1. Connectedness of the nonklt locus for foliated pairs. The aim
of this section is to prove the following conectedness statement which consti-
tutes one of the pillars in the analysis of the birational structure of foliated
singularities. The analogue result in the non-foliated case has a long history
and is rather classical.
Theorem 2.1. Let f : X → Y be a contraction of normal varieties, with X a
Q-factorial threefold. Let F be a co-rank 1 foliation on X. Let (F ,∆) be a fo-
liated log pair with ∆ =
∑
aiDi. Assume that −(KF+∆) is f -nef and f -big
and that (F ,∆′) is F-dlt, where ∆′ :=
∑
ai<ǫ(Di)
aiDi+
∑
aj≥ǫ(Dj)
ǫ(Dj)Dj .
Then Nklt(F ,∆) is connected in a neighborhood of every fiber of f .
Theorem 2.1 immediately implies the following more general result.
Theorem 2.2. Let f : X → Y be a contraction of normal varieties. Let F
be a co-rank 1 foliation on X. Let (F ,∆) be a foliated log pair. Assume
that −(KF + ∆) is f -nef and f -big. Then Nklt(F ,∆) is connected in a
neighborhood of every fiber of f .
Proof. It suffices to consider g : X ′ → X a F-dlt modification, KG +∆X′ =
g∗(KF + ∆) and apply Theorem 2.1 to the pair (G,∆X′) and the map f ◦
g : X ′ → Y . 
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We will prove Theorem 2.1 in the course of this section by proving different
cases that fit together to provide a argument for it.
Before proving the theorem we indicate a quick application of Theorem
2.1 to the geometry of (weak) Fano foliations, see also [AD13].
We will denote with sing∗(F) the union of all codimension 2 components
of sing(F).
Corollary 2.3. Let X be a smooth projective threefold and let F be a co-rank
1 foliation on X. Assume that −KF is big and nef. Then either
(1) F has an algebraic leaf; or
(2) sing∗(F) is connected.
Proof. Take an F-dlt modification µ : X → X of F and write KF + ∆ =
µ∗KF . Observe that Nklt(F) = sing
∗(F) ∪ I ∪ Z where I is the union of
all the F-invariant divisors and Z is a finite collection of points. If F has
no algebraic leaves then I = ∅. Moreover, as µ is a F-dlt modification, it
follows that µ(Nklt(F ,∆)) = Nklt(F). We apply Theorem 2.1 to conclude
that Nklt(F ,∆) is connected and our result follows. 
Remark 2.4. The corresponding statement to Theorem 2.1 for rank 1 folia-
tions is an essentially trivial consequence of the arguments in [BM16].
We now turn to the proof of Theorem 2.1.
We will work in the following setting. We denote by f : X → Y a contrac-
tion of normal varieties, with X a Q-factorial threefold. Recall that f being
a contraction means that f is surjective and projective with f∗OX = OY .
We assume the existence of a co-rank 1 foliation F on X and of a foliated
log pair (F ,∆) with ∆ =
∑
aiDi. We will denote by
H := −(KF +∆),
∆′ :=
∑
ai<ǫ(Di)
aiDi +
∑
aj≥ǫ(Dj)
ǫ(Dj)Dj ,
∆′′ := ∆−∆′,
F := Supp(∆≥1).
We remark that we allow ∆ to have F-invariant components, however ∆′
will have no F-invariant components.
We start by addressing the birational case.
Lemma 2.5. With the notation above, we assume that f is birational,
ρ(X/Y ) = 1 and (F ,∆′) is F-dlt. Suppose moreover that every lc centre
of (F ,∆) is contained in a codimension 1 lc centre of (F ,∆). If −(KX+∆)
is f -ample then Nklt(F ,∆) is connected in a neighborhood of any fibre of f .
Observe that we have Nklt(F ,∆) = Nklt(F ,∆′) = Supp(F + I), where I
is the sum of the F-invariant divisors.
Proof. We assume that Nklt(F ,∆) is disconnected in a neighborhood of
some fiber of f and we will show that such assumtpion leads to a contra-
diction. Observe that we may assume that ∆′′ ≥ 0 is f -ample, otherwise
exc(f) ⊂ supp(∆′′) and there is nothing to prove. Thus −(KF + ∆
′) =
−(KF +∆) +∆
′′ is f -ample.
By [Spi17, Lemma 8.7] we see that f only contracts curves tangent to F .
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Case 1. f is a divisorial contraction.
Suppose that f contracts a divisor E. Observe that since ρ(X/Y ) = 1 we
have that E is irreducible. If E is invariant then it is an lc centre and so
there is nothing to prove. Thus we may assume that E is not invariant. If
f(E) is a point and if B is a component of Nklt(F ,∆)∩E then observe that
B is ample in E, in particular we see that Nklt(F ,∆) ∩E is connected.
Thus we may assume that f(E) = C is a curve in Y . We may find t ≥ 0
so that we may write ∆′ + tE = Γ + E where supp(Γ) does not contain
E. Since −E is f -ample we see that −(KF + Γ + E) is f -ample. By the
foliated adjunction formula, [CS18, Lemma 3.16] and [Spi17, Lemma 8.6] or
Lemma 2.10 below , we may write (KF + Γ + E)|E = KG + ΓE where G
is the restricted foliation, ΓE ≥ 0 and Nklt(F ,Γ + E) ⊂ Nklt(G,ΓE), and
so by assumption Nklt(G,ΓE) contains at least two components meeting a
fibre of f
Let Σ0 be a curve contracted by f which meets two distinct components
of Nklt(G,ΓE). Since Σ0 is tangent to G it is therefore a rational curve with
KG ·Σ ≥ −2. However we see that (KG+ΓE)·Σ0 ≥ deg(KΣ0+p1+p2) where
p1, p2 are the intersections of Σ0 with two distinct connected components of
Nklt(F ,∆′) along Σ0. However, deg(KΣ0 + p1 + p2) ≥ 0, a contradiction.
Case 2. f is a flipping contraction.
We denote by
X //❴❴❴❴❴❴❴
f

❅❅
❅❅
❅❅
❅❅
X+
f+
}}④④
④④
④④
④④
Y
the flip of f and by Σ a curve in the exceptional locus. Then there exists
two divisorial components D1,D2 of Nklt(F ,∆
′) which intersect Σ, and do
not contain it. But then on X+, the strict transforms D+i of the Di contain
the exceptional locus of the map f+, hence this must be contained in the
intersection of the D+i and as such it is a non-klt center.
Since Σ is tangent to F we may assume that (F ,∆′) is terminal along
Σ (otherwise Σ would be an lc centre, see [CS18, Lemma 3.11]), while the
above observation implies that F+, the birational transform of F on X+, is
canonical along the exceptional locus of f+. But this leads to a contradiction
as by Lemma 1.16 the discrepancies of (F ,∆′) along the f+-exceptional locus
must decrease since −(KF +∆
′) is f -ample. 
Lemma 2.6. With the notation above, we assume that f is birational and
(F ,∆′) is F-dlt. Suppose moreover that every lc centre of (F ,∆′) is con-
tained in a codimension 1 lc centre of (F ,∆′). If −(KX + ∆) is f -ample
then Nklt(F ,∆) is conneccted in a neighborhood of any fibre of f .
Proof. Let y ∈ Y be a point on Y and let Xy denote the fiber of f over
Y . We assume that Nklt(F ,∆) is disconnected in a neighborhood of Xy
and we will show that such assumtpion leads to a contradiction. As each lc
center of (F ,∆′) s contained in a codimension 1 lc center and Nklt(F ,∆) is
disconnected in a neighborhood of Xy, there exist prime divisors E1, E2 ⊂
Nklt(F ,∆) which intersect Xy and E1 ∩ E2 = ∅ in a neighborhood of Xy.
As H is f -ample, there exists 0 < ǫ ≪ 1 such that G = H − ǫ(E1 + E2) is
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f -ample. Then
KF +∆
′ +G ∼R,f −ǫ(E1 + E2)−∆
′′. (2.1)
We can then run the (KF +∆
′ +G)-MMP with scaling of G over Y
X = X0
s1
//❴❴❴
f
++❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱ X1
s2
//❴❴❴
f1
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗ . . .
si
//❴❴❴ Xi
si+1
//❴❴❴
fi

Xi+1
si+2
//❴❴❴
fi+1
||②②
②②
②②
②②
. . .
Y .
(2.2)
We quickly explain how to run such MMP. As G is ample, then there exists
0 < η ≪ 1 such that G′ := G + η⌊∆′⌋ is also ample. Hence, choosing a
suitable effective P ∼R,f G
′, by Bertini’s theorem we see that KF + (∆
′ −
η⌊∆′⌋)+P is F-dlt. Hence, the MMP exists for KF +(∆
′− η⌊∆′⌋)+P and
a fortiori for KF +∆
′ +G as well.
Notice that since each step of this MMP is Gi positive (where Gi is the
strict transform of G) we see that each step of this MMP is in fact a step
of the KF +∆
′-MMP. In particular, we may observe moreover that at each
step of this MMP each lc centre of (Fi,∆
′
i) is contained in a codimension 1
lc centre of (Fi,∆
′
i). Indeed, by the Lemma 1.16 an lc centre cannot lie in
exc(s−1i ) and so if W is an lc centre of (Fi,∆
′
i) then each sj for j ≤ i must
be an isomorphism at the generic point of W .
Thus by Lemma 2.5, the number of connected components of Nklt(F ,∆)
in a neighborhood of Xi,y cannot decrease with i. It may happen at some
in point, though, in the MMP in (2.2) that one of the Ei gets contracted,
say E1. But, by (2.1) if the strict transform E
′
1 of E1 is contracted at the
i-th step, Xi−1 99K Xi, then, denoting by Ri the extremal ray of NE(Xi)
contracted at this step, we see that Ri · E
′
1 < 0. Thus ∆
′′
i · Ri > 0 and so
there must exist a component D1 of ∆
′′
i that intersects E1 and such that
f(D1) ⊃ f(E1). But then on Xi+1
KFi+1 +∆
′
i+1 +G
′
i+1 ∼R,fi+1 −ǫE2,i+1 −D1,i+1 −∆
′′
i+1
and we can repeat the argument just illustrated as E2,i+1∩D1,i+1 = ∅ around
Xi+1,y. By [CS18, Theorem 1.2], there exists a minimal model f
′ : X ′ → Y
for the MMP in (2.2). Hence the strict transform of −ǫ(E1 + E2) − ∆
′′ is
f ′-nef. By [KM98, Lemma 3.39] it must contain the whole fiber X ′y, which
leads to a contradiction. 
Proposition 2.7. With the above notation, we assume that f is birational
and (F ,∆′) is F-dlt. If −(KF + ∆) is f -big and f -nef then Nklt(F ,∆) is
connected in a neighborhood of any fibre of f .
Proof. First, observe that we may freely replace (F ,∆′) by a higher model
so that every lc centre of (F ,∆′) is contained in a codimension 1 lc centre.
Indeed, by Theorem 1.17 we may find a modification µ : X → X so that if
we write KF + Θ = µ
∗(KF + ∆
′) where F = µ−1F then (F ,Θ) is F-dlt,
every lc centre is contained in a codimension 1 lc centre and Nklt(F ,Θ) ⊂
µ−1(Nklt(F ,∆′)). Thus Nklt(F ,Θ) is connected in a neighborhood of a
fibre over Y if and only if Nklt(F ,∆′) is.
We next reduce the general case to the case of ample H, in which case we
can conclude by Lemma 2.6.
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As H = −(KF + ∆) is f -big and f -nef there exists an effective R-divisor
B =
∑
aiBi for which H − δB is f -ample for any 0 < δ ≪ 1. We can
decompose B as
B = B1 +B2, where B1 :=
∑
Bi⊂Nklt(F ,∆)
aiBi, B2 := B −B1.
We claim that for δ sufficiently small then
Nklt(F ,∆′) = Nklt(F ,∆′ + δB2) (2.3)
Indeed, let rZ : Z → X be a foliated log resolution of (F ,∆
′ + δB2). We
denote by G the strict transform of F on Z. Then
KG + r
−1
Z∗(∆
′ + δB2) = r
∗
Z(KF +∆
′ + δB2) +
∑
i
bi(δ)Ei
and observe that Nklt(F ,∆′+δB2) = rZ(Nklt(G, r
−1
Z∗(∆
′+δB2)−
∑
i bi(δ)Ei)).
Notice that each bi(δ) depends linearly on δ. We have that bi(0) ≥ −ǫ(Ei)
as (F ,∆′) is F-dlt. Hence, if bi(δ) ≤ −ǫ(Ei) for all δ > 0, it follows that Ei
is an lc center for (F ,∆′).
For fixed sufficiently small δ > 0 satisfying (2.3), let us take a F-dlt modifi-
cation π : Y → X of (F ,∆′+ δB2). By the properties of F-dlt modifications
if we write
KG + Γ + C = π
∗(KF +∆
′ + δB2),
we can assume that
• Γ = π−1∗ ∆
′+E and E =
∑
i ǫ(Ei)Ei where we sum over the expcep-
tional divisors of π,
• (G,Γ) is F-dlt,
• Nklt(G,Γ) = ⌊Γ⌋,
• C ≥ 0, and
• the support of C is contained in Nklt(G,Γ) and is π-exceptional.
Moreover, the Q-factoriality of X implies that there exists an effective π-
exceptional divisorG ≥ 0 such that−G is π-ample. SinceKF+∆+δB2 ∼R,X
−(H − δB + δB1) then
KG + Γ + C + δπ
∗B1 + π
∗(∆−∆′) + ǫG ∼R,X −π
∗(H − δB) + ǫG.
Let Θ := C + δπ∗B1 + π
∗(∆−∆′) + ǫG and observe that we have
π−1(Nklt(F ,∆)) = π−1(Nklt(F ,∆+ δB)) = Nklt(G,Γ + Θ)
For ǫ > 0 sufficiently small we know that (Γ + Θ)′ = Γ (in the notation at
the beginning of the section) and −(KG + Γ + Θ) = π
∗(H − δB) − ǫG is
f -ample and this concludes the proof. 
Proof of Theorem 2.1. In view of Lemma 2.5 and 2.6, we are only left to
prove the case where f is a non-birational contraction. Hence, we assume
that Nklt(F ,∆) is disconnected in a neighborhood of some fiber Xy, y ∈ Y
of f with dimX > dimY and we will show that such assumption leads to a
contradiction.
Step 1. We assume H to be f -ample.
As H is f -ample, there exists 0 < ǫ≪ 1 such that G = H − ǫF is f -ample.
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We can then run the (KF +∆
′)-MMP with scaling of G over Y
X = X0
s1
//❴❴❴
f
++❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱ X1
s2
//❴❴❴
f1
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗ . . .
si
//❴❴❴ Xi
si+1
//❴❴❴
fi

Xi+1
si+2
//❴❴❴
fi+1
||②②
②②
②②
②②
. . .
Y .
(2.4)
We denote Fi := si∗Fi−1, ∆i := si∗∆i−1, ∆
′
i := si∗∆
′
i−1, ∆
′′
i := si∗∆
′′
i−1,
Fi := si∗Fi−1, Ii := si∗Ii−1, Gi := si∗Gi−1, and fi is the structural map for
Xi.
Claim 2.8. For any i, either Fi ·Ri > 0 or ∆
′′
i ·Ri > 0.
Proof of Claim 2.8. By the definition of the MMP with scaling, see Section
1.8, at each step of (2.4) there exists a positive real number λi such that
KFi +∆
′
i + λiGi is f -nef and moreover
(KFi +∆
′
i + λiGi) · Ri = 0, and (2.5)
(KFi +∆
′
i) · Ri < 0. (2.6)
For any i, λi > 1: in fact, assuming λi ≤ 1 we reach an immediate contra-
diction since
KFi +∆
′
i + λiGi = (1− λi)(KFi +∆
′
i)− λiǫFi − λi∆
′′
i
would then be non-pseudoeffective over Y – this holds true in view of the
fact that dimXi > dimY . By (2.5),
((1− λi)(KFi +∆
′
i) ·Ri = λi(ǫFi +∆
′′
i ) ·Ri,
and the condition λi > 1 together with (2.6) imply that (ǫFi+∆
′′
i ) ·Ri > 0,
which proves the claim. 
Claim 2.9. For any i, Nklt(Fi,∆i) = Nklt(Fi,∆
′
i) = Supp(Fi+ Ii) and the
number of connected components of Nklt(Fi,∆
′
i) is independent of i.
Proof of Claim 2.9. For any i, ∆i ≥ ∆
′
i hence Nklt(Fi,∆i) ⊃ Nklt(Fi,∆
′
i).
On the other hand, as the support of ∆i −∆
′
i is contained in ∆
′
i + Ii, then
Nklt(Fi,∆i) ⊂ Nklt(Fi,∆
′
i). Moreover, since (Fi,∆
′
i) is F-dlt, Nklt(Fi,∆
′
i) =
Supp(Fi + Ii).
We now prove the second part of the statement. If si+1 : Xi → Xi+1 is a
divisorial contraction, let E be the prime divisor contracted by si+1. Since
Fi · Ri > 0 or ∆
′′
i · Ri > 0 it follows that the image of the exceptional
locus of si+1 is contained in Nklt(Fi+1,∆
′
i+1). But then Lemma 2.5 im-
plies that the number of connected components of Nklt(Fi+1,∆
′
i+1) in a
neighborhood of Xi+1,y must be the same as that of Nklt(Fi,∆
′
i) around
Xi,y, since si+1 is (KFi + ∆
′
i)-negative. If si+1 : Xi 99K Xi+1 is a flip, let
z−i : Xi → Zi be the associated flipping contraction and z
+
i+1 : Xi+1 → Zi
the other small map involved in the flip. Then the argument just carried out
for divisorial contractions shows that the number of connected components
of zi(Nklt(Xi,∆
′
i)) must be the same as that of Nklt(Fi,∆
′
i). 
By Special Termination and Claim 2.8, the run of the MMP in (2.4) must
terminate and, since KF + ∆
′ is non-pseudoeffective over Y , the final step
20 CALUM SPICER AND ROBERTO SVALDI
will be a Mori fibre space
Xn
g
  ❆
❆❆
❆❆
❆❆
❆
fn

Z
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
Y
By Claim 2.9 it suffices to prove that Nklt(Fn,∆n) is connected in a neigh-
borhood of Xn,y. On Xn, Nklt(Fn,∆n) = Supp(Fn + In). As In is Fn-
invariant every component of In must be vertical over Z. As Fn · Rn > 0
or ∆′′n · Rn > 0, there exists at least one component of Fn which dominates
Z and contains only one horizontal component. Let z ∈ Z be a point and
observe that dim(g−1(z)) ≤ 2.
If dim(g−1(z)) = 2 for all z then since ρ(X/Z) = 1 it follows that every
horizontal compponent of Fn meets every other horizontal component. If
dim(g−1(z)) = 1 for some (equivalently any) z then since −(KFn + ∆n) is
g-ample we see that Fn contains at most 1 horiztonal component. Thus,
Nklt(Fn,∆n) must be connected a neighborhood of Xn,y. But this gives a
contradiction.
Step 2. We reduce the general case to the case of f -ample H.
Here it suffices to copy the proof of Proposition 2.7 verbatim. 
2.2. Adjunction for foliated pairs. Let us recall the following adjunction
for foliations with non-dicritical singularities.
Lemma 2.10 (Adjunction). [CS18, Lemma 3.16] Let X be a Q-factorial
threefold, let F be a co-rank one foliation with non-dicritical singularities.
Suppose that (F , ǫ(S)S+∆) is lc (resp. lt, resp. F-dlt) for a prime divisor
S and a Q-divisor ∆ ≥ 0 on X which does not contain S in its support. Let
ν : Sν → S be the normalisation and let G be the restricted foliation to Sν.
Then, there exists Θ ≥ 0 such that
(KF + ǫ(S)S +∆)|S = KG +Θ. (2.7)
Moreover, we have:
• Suppose ǫ(S) = 1. Then (G,Θ) is lc (resp. lt, resp. F-dlt).
• Suppose ǫ(S) = 0 and that (F ,∆) is F-dlt and S and sing(F) ∩ S
are normal. Then (S,Θ′ := ⌊Θ⌋red + {Θ}) is lc (resp. lt, resp. dlt).
We wish to generalize this result to an adjunction formula which holds in
full generality.
Lemma 2.11 (General Adjunction). Let X be a threefold and let F be a
co-rank one foliation on X.
Suppose that (F , ǫ(S)S + ∆) is a foliated log pair for a prime divisor S
and a Q-divisor ∆ ≥ 0 on X which does not contain S in its support. Let
ν : Sν → S be the normalisation and let G be the restricted foliation to Sν.
Then, there exists Θ ≥ 0 such that
(KF + ǫ(S)S +∆)|S = KG +Θ. (2.8)
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In the hypotheses of Lemma 2.11, we will refer to Θ as the different DiffS∆
of ∆ on S.
Proof. Let π : Y → X be a F-dlt modification for (F , ǫ(S) + ∆) and let S′
be the strict transform of S on Y . Writing
KFY + ǫ(S
′)S′ +∆Y = π
∗(KF + ǫ(S)S +∆), (2.9)
the pair (FY , ǫ(S
′)S′ + ∆′Y ) is F-dlt, where ∆
′
Y := π
−1
∗ ∆ +
∑
π−exc ǫ(E)E
Denoting ∆′′Y := ∆Y − ∆
′
Y , it is immediate that the support of ∆
′′
Y does
not contain S′ and KFY + ǫ(S
′)S′ +∆′Y +∆
′′
Y = π
∗(KF + ǫ(S)S +∆). As
(FY , ǫ(S
′)S′ +∆′Y ) is F-dlt, Lemma 2.10 implies that there exists Θ1 such
that
(KFY + ǫ(S
′)S′ +∆′Y )|S′ν = KG +Θ1.
Hence,
(KFY +ǫ(S
′)S′+∆Y )|S′ν = (KFY +ǫ(S
′)S′+∆′Y+∆
′′
Y )|S′ν = KG+Θ1+∆
′′
Y |S′ν .
Hence, it suffices to take Θ := Θ1 +∆
′′
Y |S′ν . 
The two equations (2.7), (2.8) represent the adjunction formula for folia-
tions, where (2.8) is a generalized version of the one proven in [CS18]. On
the other hand, in the more general framework of Lemma 2.11, it is not
possible control the singularities of the restriction of the pair (F ,∆) to a
codimension one log canonical center.
2.3. Inversion of adjunction. We are now ready to prove inversion of
adjunction for foliated pairs.
Theorem 2.12. Let X be a Q-factorial threefold and let F be a co-rank one
foliation. Consider a prime divisor S and an effective Q-divisor ∆ on X
which does not contain S in its support. Let ν : Sν → S be the normalisation
and let G be the restricted foliation to Sν . Suppose that
• if ǫ(S) = 1 then (G,Θ) is lc;
• if ǫ(S) = 0 then (Sν ,Θ) is lc.
Then (F , ǫ(S)S +∆) is lc in a neighborhood of S.
For a foliated log pair (F ,D), we will denote by Nlc(F ,D) the union of
the centers of all valuations E of discrepancy < −ǫ(E).
Proof. Let π : Y → X be a F-dlt modification and let S′ be the strict trans-
form of S on Y . Writing
KFY +∆Y = π
∗(KF +∆), (2.10)
the pair (FY ,∆
′
Y ) is F-dlt, where ∆
′
Y := π
−1
∗ ∆+
∑
π−exc ǫ(E)E andKFY +∆
′
is π-nef, see [CS18, Proof of 8.3]. Denoting ∆′′Y := ∆Y − ∆
′
Y , then −∆
′′
Y
is π-nef, since by (2.10) −∆′′Y ∼π,R KFY + ∆
′
Y . When ǫ(S
′) = 1, we will
denote by G′ the restriction of FY to the normalization ν : S
′ν → S′ of S′.
Step 1. In this step we prove that (F ,∆) is lc in a neighborhood S if and
only if (FY ,∆Y ) is lc in a neighborhood S
′.
It follows from the definition that (F ,∆) is lc in a neighborhood U of S if
and only S ∩ Nlc(F ,∆) = ∅, since Nlc(F ,∆) is closed. As π is crepant
and (FY ,∆
′
Y ) is F-dlt, Nlc(F ,∆) = π(Supp(∆
′′
Y )) and Nlc(FY ,∆Y ) =
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Supp(∆′′Y ). By the Negativity Lemma, Lemma 1.15, since −∆
′′
Y is π-nef,
then Nlc(F ,∆) ∩ S = ∅ if and only if Nlc(FY ,∆Y ) ∩ S
′ = ∅.
Step 2 In this step we prove that if ǫ(S′) = 1, then (G′,Θ′) is lc; in
particular, we prove that (FY ,∆Y ) is lc in a neighborhood of S
′. We have
KG′ +Θ
′ = (KFY + ǫ(S
′)S′ +∆Y )|S′ν = (π
∗(KF + ǫ(S)S +∆Y ))|S′ν .
Hence, considering the birational morphism ψ : S′ν → Sν , we have that
KG′ +Θ
′ = ψ∗(KG +Θ).
As (G,Θ) is lc, the same holds for (G′,Θ′). This in particular implies that
the coefficient µE∆Y of a component E of ∆Y that intersect S
′ is at most
ǫ(E∩S′) ≤ ǫ(E). As (FY , S
′+∆Y ) is F-dlt, it follows that Nlc(FY ,∆Y )∩Y =
∅ and then conclusion follows immediately by Step 1.
Step 3 In this step we prove that if ǫ(S′) = 0 and if (S,Θ) is lc, then
(S′,Θ′) is lc; in particular, we prove that (FY ,∆Y ) is lc in a neighborhood
of S′. We have
KS′ +Θ
′ = (KFY +∆Y )|S′ν = (π
∗(KF +∆Y ))|S′ν .
Hence, considering the birational morphism ψ : S′ν → Sν , we have that
KS′ +Θ
′ = ψ∗(KS +Θ).
As (S,Θ) is lc, the same holds for (S′,Θ′). Observe that if Ei is in-
variant then observe that S′ ∩ Ei ⊂ sing(FY ). And so we may write
(KFY +
∑
ǫ(Ei)Ei)|S′ = KS′ +
∑
ki(Ei ∩ S
′) where ki are integers greater
than 1 which depend on the analytic type of the singularity Ei ∩ S
′ if Ei
is invariant and are exactly 1 when Ei is not invariant. This in particular
implies that the coefficient µE∆Y of a component E of ∆Y that intersect S
′
is at most 0.
As (FY ,∆Y ) is F-dlt, it follows that Nlc(FY ,∆Y )∩Y = ∅ and then conclu-
sion follows immediately by Step 1. 
The statement of Theorem 2.12 is quite natural as, in view of Lemma 2.11,
we are just requiring that the log (foliated) pair coming from the restriction
to the codimension one component S be lc, to imply that the lcness of
(F ,∆) holds in a neighborhood of S. This is the adaptation to the category
of foliations of the classic statement of inversion of adjunction for log pairs,
cf. [KM98, Theorem 5.50]. Nonetheless, it is not the most general form of
inversion of adjunction that one could hope for. In fact, if we look at the
statement of Lemma 2.10, we see that the natural divisor to look at when
ǫ(S) = 0 would be, with the notation of the lemma, Θ′ rathen than the
different, Θ. As, by definition Θ′ ≤ Θ it follows immediately that if (S,Θ)
is lc, so is (S,Θ′), but it would be even more interesting to have a statement
of inversion of adjunction that only assumes the lcness of (S,Θ′).
3. A vanishing result
In this section we prove a relative vanishing theorem for foliations.
We begin with a simple lemma.
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Lemma 3.1. Let f : Y → X be a morphism of varieties
Let σ : X ′ → X be surjective and e´tale and let Y ′ = Y ×X X
′. Let
f ′ : Y ′ → X ′ and τ : Y ′ → Y be the projections.
Let L be a line bundle on Y . Suppose that Rif ′∗τ
∗L = 0. Then Rif∗L = 0.
Proof. Since σ is flat, by [Har77, Proposition 9.3] we have that Rif ′∗τ
∗L =
σ∗Rif∗L. We conclude by observing that a sheaf F is zero if and only if
σ∗F is zero. 
Lemma 3.2. Let f : Y → X be a surjective projective morphism of normal
varieties of dimension at most 3 and let (F ,∆) be an F-dlt foliated pair on
Y with ⌊∆⌋ = 0. Suppose that Y is Q-factorial and that every fibre of f is
tangent to F .
Let P ∈ X be a closed point. Then there exists an e´tale neighborhood
σ : X ′ → X of P , a small Q-factorialization µ : W → Y ′ := Y ×X X
′ and a
reduced divisor
∑
Ti on W such that writing ∆W = µ
∗∆ and FW = µ
−1F
and f ′ : W → X ′ for the induced map we have
(1)
∑
Ti is nef over Y
′;
(2) (KFW +∆W )− (KW +∆W +
∑
Ti) is f
′-nef; and
(3) (W,∆W + (1− ǫ)
∑
Ti) is klt for all ǫ > 0.
Proof. First, notice that since Y isQ-factorial we may apply [CS18, Theorem
11.3] to see that Y is klt.
Let {S1, ..., SN} be the collection of all separatrices of F meeting f
−1(P ),
formal or otherwise. Let Y ′n be the n-th infinitessimal neighborhood of
f−1(P ).
Fix n ≫ 0 sufficiently large. By [CS18, §4, 5] there is an e´tale cover
σ : X ′ → X such that we may find divisors S˜i on Y
′ such that S˜i|Y ′n = τ
∗Si|Y ′n
where τ : Y ′ → Y is the projection. This approximation result is proven in
[CS18, §4, 5] in the case where f is birational but the arguments work for
any surjective proper morphism all of whose fibres are tangent to F .
Since (F ,∆) is F-dlt we see that we may take (F ′ := τ−1F ,∆′ := τ∗∆)
an F-dlt modification π : Z → Y ′ such that µ is small. Observe that Z is
Q-factorial and let Ri = µ
−1
∗ (Si) and observe that {R1, ..., RN} approximate
all the separatrices meeting (f ◦ π)−1(P ), formal or otherwise.
Since Y is klt, the same is true of Z and so we may run a KZ + δ
∑
Ri-
MMP over Y ′ for some δ > 0 sufficiently small. Denote this MMP φ : Z 99K
W and let Ti := φ∗Ri. We claim thatW satisfies all our required properties.
Item 1 holds since KY is Q-Cartier and so KZ (and hence KW ) is trivial
over Y ′. Thus KW + δ
∑
Ti being nef over Y
′ implies that
∑
Ti is nef over
Y ′.
To see item 2 observe that {T1, ..., TN} approximates all the separatri-
ces of FW meeting (f
′)−1(P ), formal or otherwise, in which case we may
apply [CS18, Corollary 3.10] and [Spi17, Corollary 5.5] to give our desired
inequality.
Next, observe that each step of the MMP φ : Z 99K Y is Kπ−1F ′ + π
∗∆′
trivial so (FW ,∆W ) is log canonical, and even better since only curves
tangent to π−1F ′ are contracted/flipped in this MMP we see that FW
24 CALUM SPICER AND ROBERTO SVALDI
is non-dicritical and all the log canonical centres of (FW ,∆W ) are con-
tained in supp(
∑
Ti). So we may apply [CS18, Lemma 3.15] to see that
(W,∆W + (1− ǫ)(
∑
Ti)) is klt for all ǫ > 0. This gives us item 3. 
Theorem 3.3. Set up as above. Let (F ,∆) be a F-dlt pair and let L be a
line bundle such that L− (KF +∆) is f -nef and big.
Suppose moreover that either
(1) L− (KF +∆) is f -ample; or
(2) ∆ = A+B where A is f -ample and B ≥ 0.
Then Rif∗L = 0 for i > 0.
Proof. Let P ∈ X be any point. By Lemma 3.1 we may freely replace X by
an e´tale neighborhood of P ∈ X. Moreover, since Y is klt it has rational
singularities and so if g : Y ′ → Y is birational then Rif∗L = R
i(f ◦ g)∗g
∗L
and so we may freely replace Y by a higher model. Thus taking a morphism
µ : W → Y ′ as in Lemma 3.2 it suffices to show that Rif ′∗µ
∗L = 0 where
f ′ : W ′ → X ′ is as in Lemma 3.2.
If ∆ = A+B where A is f -ample then replacing ∆ by ∆− δA for δ > 0
small we may freely assume that L−(KF+∆) is f -ample. Moreover, perhaps
replacing ∆ by ∆ − ǫ⌊∆⌋ for some ǫ > 0 sufficiently small we may assume
that ⌊∆⌋ = 0.
Next, observe that µ∗L − (KFW + ∆W ) is f
′-big and nef and is strictly
positive on any curve not contracted by µ. Thus we see by Lemma 3.2 Item
2 that
µ∗L− (KW +∆W +
∑
Ti) =
(µ∗L− (KFW +∆W )) + ((KFW +∆W )− (KW +∆W +
∑
Ti))
is f ′-big and nef and is strictly positive on any curve not contracted by µ.
So for ǫ > 0 sufficiently small since
∑
Ti is µ-nef by Lemma 3.2 Item 1
L− (KY +∆+ (1− ǫ)
∑
Ti)
is f ′-big and nef.
Thus we may apply relative Kawamata-Viehweg vanishing to conclude
that Rif ′∗µ
∗L = 0 for i > 0. 
4. Termination
Our goal in this section is to show the following:
Theorem 4.1 (Termination). Let X be a Q-factorial quasi-projective three-
fold and let (F ,∆) be a F-dlt pair. Then starting at (F ,∆) there is no
infinite sequence of flips.
Together with the work of [CS18] this has the following immediate corol-
lary. Recall that we say a birational map f : X 99K Y is a birational
contraction if exc(f−1) contains no divisors.
Corollary 4.2. Let X be a projective Q-factorial threefold and let (F ,∆)
be an F-dlt pair. Then there is birational contraction f : X 99K Y (which
may be factored as a sequence of flips and divisorial contractions) such that
if G is the transformed foliation then either
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(1) KG + f∗∆ is nef; or
(2) there is a fibration g : Y → Z such that −(KG + f∗∆) is g-ample
and the fibres of g are tangent to G.
We call such a contraction a (F ,∆) or KF +∆-MMP.
We will also frequently need to run the relative MMP. The relative MMP
can be deduced from the absolute MMP via a standard argument which we
explain here.
Corollary 4.3. Let X be a Q-factorial quasi-projective threefold and let
(F ,∆) be an F-dlt pair. Let p : X → S be a surjective projective morphism.
Then there is a birational contraction f : X 99K Y/S (which may be fac-
tored as a sequence of flips and divisorial contractions) such that if G is the
transformed foliation and if q : Y → S is the structure map either
(1) KG + f∗∆ is q-nef; or
(2) there is a fibration g : Y → Z/S such that −(KG + f∗∆) is g-ample
and the fibres of g are tangent to G.
We call such a contraction a (F ,∆) or KF +∆-MMP over S.
Proof. By compactifying (and possibly performing an F-dlt modification)
we may assume that X and S are projective. Let A be an ample divisor on
S. Let R ⊂ NE(X/S) be an extremal ray which is KF + ∆-negative. For
ǫ > 0 sufficiently small we see that (KF + (1− ǫ)∆) ·R < 0. Let n≫ 0 and
choose G ∼Q nA to be sufficiently general so that (F , (1− ǫ)∆+p
∗G) is still
F-dlt and let φ : X 99K X ′ be the (KF+(1−ǫ)∆+p
∗G)-fibre type/divisorial
contraction or flip associated to R.
If we choose n to be sufficiently large observe that the contraction asso-
ciated to R only contracts curves which are contracted by p, in particular
we still have a map X ′ → S. Replacing X by X ′ we may continue. By
Theorem 4.1 this process stops after finitely many steps. 
As a consequence of the MMP and some work in [CS18] we have the
following non-vanishing theorem.
Theorem 4.4. Let F be a co-rank one foliation on a normal projective Q-
factorial threefold X. Let ∆ be a Q-divisor such that (F ,∆) is a F-dlt pair.
Let A ≥ 0 and B ≥ 0 be Q-divisors such that ∆ = A + B and A is ample.
Assume that KF +∆ is pseudo-effective
Then KF +∆ ∼Q D ≥ 0.
Proof. We run a KF + ∆-MMP. By [CS18, Theorem 1.1] all the required
divisorial contractions and flips exist. By Theorem 4.1 there is no infinite
sequence of flips and so this MMP terminates, call it φ : X 99K X ′. Let
F ′ be the transform of F . By Lemma 1.22 we may find an ample divisor
A′ and B′ ≥ 0 such that φ∗∆ ∼Q A
′ + B′ and (F ′, A′ + B′) is F-dlt. Set
∆′ = A′ +B′
Thus, we may apply [CS18, Theorem 9.4] to conclude that KF ′ + ∆
′ is
semi-ample and so there exists 0 ≤ D ∼Q KF ′ + ∆
′. For all m sufficiently
divisible we have
H0(X,O(m(KF +∆))) = H
0(X ′,O(m(KF ′ + φ∗∆))) =
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H0(X ′,O(m(KF ′ +∆
′)))
and our result follows. 
4.1. Singular Bott partial connections. We recall Bott’s partial con-
nection. Let F be a smooth foliation on a complex manifold X. We can
define a partial connection on NF locally by
∇ : NF → Ω
1
F ⊗NF
w 7→
∑
ωi ⊗ q([∂i, w˜])
where w˜ is any local lift of w to TX and ωi are local generators of Ω
1
F , ∂i
are dual generators of F and q : TX → NF is the quotient map. One can
check that these local connections patch to give a global connection.
Lemma 4.5. Let F be a rank r foliation on a complex analytic variety X.
Let S ⊂ X be a local complete intersection subvariety of X of dimension r
and suppose that S is F-invariant.
Let Z = sing(X) ∪ sing(F). Suppose that Z ∩ S is codimension at least 2
in S. Then there is a connection
∇ : NS/X → Ω
[1]
S ⊗NS/X
where Ω
[1]
S = (Ω
1
S)
∗∗ is the sheaf of reflexive differential on S.
More generally, if F is co-rank 1 and S is a Q-Cartier divisor with Cartier
index m then there is a connection
∇⊗m : OS(mS)→ Ω
[1]
S ⊗OS(mS).
Proof. Let X◦ = X − Z and S◦ = S − (Z ∩ S).
Notice that NF |S◦ = NS◦/X◦ and that Ω
1
F |S◦ = Ω
1
S◦. Thus, if we restrict
Bott’s partial connection on X◦ to S◦ we get a connection
∇◦ : NS◦/X◦ → Ω
1
S◦ ⊗NS◦/X◦ .
Let i : S◦ → S be the inclusion. Since NS/X is locally free we have an
isomorphism i∗(Ω
1
S◦ ⊗ NS◦/X◦) = Ω
[1]
S ⊗ NS/X by the push-pull formula,
[Har77, Exercise II.5.1(d)]. Thus we get a map
i∗∇
◦ : NS/X → Ω
[1]
S ⊗NS/X
and by observing that i∗∇
◦ satisfies the Leibniz condition (since it does so
away from a set of codimension at least 2) we see that this is our desired
connection.
To prove the second part observe that NS◦/X◦ = OS◦(S
◦) and that by
taking tensor powers Bott’s partial connection induces a connection
(∇◦)⊗m : OS◦(mS
◦)→ Ω1S◦ ⊗OS◦(mS
◦).
Finally, by observing that OS◦(mS
◦) = i∗OS(mS) we may, as above, take
i∗(∇
◦)⊗m as our desired connection. 
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4.2. Proof of Theorem 4.1.
Lemma 4.6. Let X be a normal complex analytic threefold and let (F ,∆)
be a log terminal co-rank 1 foliation on X. Let C ⊂ X be a compact curve
tangent to F . Let S be a germ of an invariant surface containing C. Suppose
that KX , KF and S are Q-Cartier. Then
S · C = 0.
Proof. Let H ⊂ X be a sufficiently ample divisor meeting C transversely
and choose H to be sufficiently general so that (F ,∆ + (1 − ǫ)H) is log
terminal for all ǫ > 0.
We may then find a Galois cover π : X ′ → X ramified over H and sing(X)
such that if we write S′ = π−1(S) and F ′ = π−1F then S′ and KF ′ are both
Cartier.
Write ∆′ = π∗∆ and C ′ = π−1(C). We claim that (F ′,∆′) is log termi-
nal. Indeed, let r be the ramification index along H. We have by foliated
Riemann-Hurwitz thatKF ′+∆
′ = π∗(KF+∆+
r−1
r H). Since (F ,∆+
r−1
r H)
is log terminal we see that the same is true of (F ′,∆′), see [KM98, Propo-
sition 5.20] or the proof of [Spi17, Corollary 3.9].
Since KF ′ is Cartier and (F
′,∆′) is log terminal if we let Z = sing(X ′) ∪
sing(F ′) then we have that Z∩S′ is codimension at least 2 in S′, see [McQ08,
Corollary I.2.2]. By construction S′ is Cartier and so we may apply Lemma
4.5 to produce a connection
∇ : NS′/X′ → Ω
[1]
S′ ⊗NS′/X′ .
Let n : B → C ′ be the normalization of an irreducible component of C ′.
By [CS18, Lemma 3.15] we see that (X ′,∆′ + S′) is plt and so by (usual)
adjunction, [KM98, Theorem 5.50], S′ is klt. By [GKKP11] there exists a
non-zero morphism drefln : n
∗Ω
[1]
S′ → Ω
1
B , and so we may pull back ∇ to get
a connection by composing
n∗O(S′)
n∗∇
−−−→ n∗Ω
[1]
S′ ⊗ n
∗O(S′)
drefln⊗id
−−−−−−→ Ω1B ⊗ n
∗O(S′).
In particular, since n∗O(S′) admits a holomorphic connection, it is flat
which implies 0 = S′ · n(B) = m(S · C). 
Proof of Theorem 4.1. By Theorem 1.19 it suffices to show that any se-
quence of log terminal flips terminates. Let
φ : (Xi,Fi,∆i) 99K (Xi+1,Fi+1,∆i+1)
be one such flip and let C ⊂ Xi be an irreducible component of exc(φ). Let
f : Xi → Z denote the base of the flip.
By taking U to be a sufficiently small analytic neighborhood of z = f(C)
we may find a Fi-invariant divisor on Xi,U := f
−1(U) containing C. Call
this divisor S.
SinceXi,U is klt and projective over U we may find a smallQ-factorialization
of Xi,U denoted g : Xi,U → Xi,U . Let Fi be the transformed foliation, write
KFi + ∆i = g
∗(KFi + ∆i), let S be the strict transform of S and let C be
the strict transform of C. Since g is small, we see that (Fi,∆i) is still log
terminal.
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By Lemma 4.6 we see that
S · C = 0.
On the other hand by [CS18, Corollary 3.10] we see that
(KFi +∆i) · C = (KXi +∆i + S) · C.
Since KXi +∆i = g
∗(KXi +∆i) putting these equalities together yields
0 > (KXi +∆i) · C = (KXi +∆i) · C.
Thus, each KFi +∆i-flip is in fact a KXi +∆i-flip.
By [CS18, Lemma 3.15] (Xi,∆i) is log terminal and so our result fol-
lows by termination for threefold log terminal flips, see for example [KM98,
Theorem 6.17]. 
To finish we present an example of a foliation flip, another example may
be found in [Spi17, §9].
Example 4.7. Let b : Y → C2 be the blow up at the origin with excpetional
curve C and let p : X˜ → Y be the total space of the line bundle OY (C).
Observe that X˜ contains a single projective curve, which we will continue
to denote by C. Let G be the foliation on Y given by the transform of
the foliation generated by ∂∂x1 on C
2 (with coordinates (x1, x2)) and let
G˜ = p−1F . Set S = p−1(C) and let Di = p
−1(b−1∗ {xi = 0}).
It is straightforward to check that KG˜ · C = 0 and that G˜ is smooth at
the generic point of C. Moreover, observe that S and D2 are G˜-invariant
whereas D1 is not.
Consider the map σ : C2 → C2 given by (x1, x2) 7→ (−x1, x2) and observe
that σ lifts to a map τ : X˜ → X˜. Let X := X˜/〈τ〉 and observe that π : X˜ →
X is ramified to order 2 along S and D1. Observe moreover that τ preserves
G˜ and so it descends to a foliation F on X. A foliated Riemann-Hurwitz
computation shows that K
G˜
= π∗KF +D1. In particular, if we let Σ = π(C)
we see that KF · Σ < 0 and so Σ is a KF -flipping curve.
Notice that Σ meets sing(F) at a single point which is a Z/2 quotient
singularity.
5. Malgrange’s theorem
In this section we prove a version of Malgrange’s theorem on singular
threefolds. A weaker version of this statement was proven in [Spi17]. Results
in this direction were achieved in [CLN08] and some of our ideas have been
inspired by their approach.
Let P ∈ X be a germ of a threefold and let F be a co-rank 1 foliation
on X defined by a holomorphic 1-form ω. We say that f ∈ OX,p is a first
integral for F if df ∧ ω = 0.
Theorem 5.1. Let P ∈ X be a germ of an isolated (analytically) Q-factorial
threefold singularity with a co-rank 1 foliation F . Suppose that F has an
isolated canonical singularity at P .
Then F admits a holomorphic first integral.
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It would be ideal to drop the Q-factoriality assumption in the theorem.
We are able to do this when F is terminal, see Corollary 5.14.
Theorem 5.1 has the following immediate consequence.
Corollary 5.2. Let P ∈ X be a germ of an isolated threefold singularity
with a co-rank 1 foliation F . Suppose that X is Q-factorial and that F is
canonical. Then F has a separatrix at P .
Proof. If F is smooth outside of P then this follows directly from Theorem
5.1. Otherwise let Z ⊂ sing(F) be a curve. Observe that there is a germ of
a separatrix for all Q ∈ Z − P . By Theorem 1.18 F is non-dicritical and so
using the arguments of [CC92] it is not hard to check that this implies there
exists a separatrix at P . 
Recall that in general even if F is non-dicritical, if P ∈ X is a singular
point then there may be no separatrices at P . See [Cam88] results in this
direction on surfaces.
5.1. Controlling the singularities of X and F. The goal of this subsec-
tion is to show that under the hypotheses of Theorem 5.1 we have that X
has log terminal singularities.
We will need the following version of the classical Camacho-Sad formula
for mildly singular surfaces. We refer to [Bru00, Chapter 3, §2] for a defi-
nition of the Camacho-Sad index and a proof of the classical Camacho-Sad
formula.
Lemma 5.3 (Camacho-Sad formula for F-dlt pairs). Let X be a normal
surface and F an F-dlt foliation. Let C be a compact F-invariant curve.
Then
C2 =
∑
p∈sing(F)∩C
CS(p,F , C).
Proof. By assumptionX has at worst cyclic quotient singularities and at the
singular points of X we have that F is a quotient of smooth foliation. The
formula is then a consequence of [McQ08, I.3] (observe that the arguments
there go through in the presence of singularities of X which are just cyclic
quotients of smoothly foliated points). 
Lemma 5.4. Let P ∈ X be a germ of an isolated threefold singularity and let
F be a co-rank 1 foliation with canonical singularities such that F is smooth
away from P . Suppose that KX is Q-Cartier. Then X is log terminal.
Proof. If F is terminal then the result follows from Theorem 1.18. So sup-
pose that F has canonical but not terminal singularities.
Let µ : (X,F) → (X,F) be an F-dlt modification. Let E =
∑
Ei =
exc(µ). Since F is canonical we have µ∗KF = KF . Moreover, we may
freely assume that µ is not the identity. Observe that F is non-dicritical
and so E is F-invariant. Furthermore, if Z is a 1-dimensional component of
sing(F) ∩ E then there are two separatrices (possibly formal) along Z.
Write KX +
∑
Ei = π
∗(KX) +
∑
aiEi. By [Spi17, Lemma 9.6] we see
that KF −(KX+
∑
Ei) = −
∑
aiEi is π-nef away from finitely many curves
which implies by the negativity lemma, Lemma 1.15 that
∑
aiEi ≥ 0 and
since supp(
∑
Ei) = π
−1(P ) we have either
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(1) ai > 0 for all i; or
(2) ai = 0 for all i.
By [CS18, Lemma 3.15], we see that that (X, (1 − ǫ)
∑
Ei) is klt and so
if we are in Case 1 then we see immediately that X is klt.
So suppose for sake of contradiction that we are in Case 2, i.e., ai = 0 for
all i and so KY + E ∼Q 0.
We first claim that if Z ⊂ sing(F) ∩ E is a 1-dimensional component
admitting two separatrices contained in E then Z is not a saddle node.
Indeed, suppose for sake of contradiction that there exists Z ⊂ Ei such that
Z is a saddle node and Ei is the weak separatrix of the saddle node. Write
KF |Ei = KEi +Θ
and
(KX +
∑
Ej)|Ei = KEi +Θ
′.
By Lemma 2.10 we know that Θ ≥ Θ′ Since Ei is the weak separatrix of a
saddle node along Z a direct computation shows that the coefficient of Z
in Θ is at least 2. On the other hand, since (X,
∑
Ej) is log canonical we
see that the coefficient of Z in Θ′ is at most 1. However, this implies that
KF − (KX +
∑
Ej) cannot be π-trivial, a contradiction.
A similar argument shows that for each 1-dimensional component Z ⊂
sing(F)∩E that Z admits two separatrices, both of which are contained in
E. In particular, each 1-dimensional component Z ⊂ sing(F) ∩ E admits 2
non-zero eigenvalues.
The rest of the argument proceeds in an essentially identical fashion to the
proof of [McQ08, Theorem IV.2.2]. We will sketch the rest of his argument
for the reader’s convenience. Let N = c1(N
∗
F
). Since KF ∼Q 0 and KX +
E ∼Q 0 we see that N + E ∼Q 0.
LetH ⊂ X be a general ample divisor, and let G be the restricted foliation
on H and let E ∩ H = ∪Ci = C. Set S = sing(G) ∩ C and notice that
Ci ∩ Cj ⊂ S for i 6= j.
If H is general enough we see that (F ,H) is F-dlt and so G is F-dlt.
Even better, if H is general enough we see that N |H = c1(N
∗
G) and so
c1(N
∗
G)+
∑
Ci ∼Q 0. Observe that since G is F-dlt we see that C is a nodal
curve.
For p ∈ S let ∂p be a vector field generation G near p. By the arguments
in [McQ08, Theorem IV.2.2] we see that c1(N
∗
G) +
∑
Ci ∼Q 0 implies that
the ratio λp of the eigenvalues of ∂p is a root of unity.
Since C is contractible we see that C2 < 0 which implies
∑
iC
2
i <
−
∑
i,j Ci · Cj = −2#S. On the other hand, the Camacho-Sad formula
(Lemma 5.3) gives us
(
∑
Ci)
2 =
∑
p∈Z
CS(p,G,
∑
Ci) =
∑
p∈S
2 + λp +
1
λp
which in turn gives us ∑
C2i =
∑
λp +
1
λp
.
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However, each λp is a root of unity and so the modulus of
∑
p∈S λp +
1
λp
=∑
p∈S λp+λp is bounded by 2#S. This is our sought after contradiction. 
5.2. Holomorphic Godbillon-Vey sequences.
Definition 5.5. Let M be a complex manifold of dimension ≥ 2 and let ω
be an integrable holomorphic 1-form on M . A holomorphic Godbillon-Vey
sequence for ω is a sequence of holomorphic 1-forms (ωk) on M such that
ω0 = ω and the formal 1-form
Ω = dt+
∞∑
j=0
tj
j!
ωj
is integrable.
Lemma 5.6. Let P ∈ X be an analytic germ of an isolated Q-factorial klt
singularity with dim(X) ≥ 3. Then
H1(X − P,OX−P ) = 0.
Proof. Notice that since X is klt it is also a rational singularity. Consider
the long exact sequence coming from the exponential exact sequence
H1(X − P,Z)
a
−→ H1(X − P,OX−P )
b
−→ H1(X − P,O∗X−P ).
By [Fle81, Lemma 6.2] we know that im(a) = 0, in particular b is injective.
On the other hand, we see that we have an injection
H1(X − P,O∗X−P ) = Pic(X − P )→ Cl(P ∈ X)
given by L 7→ i∗L where i : X − P → X is the inclusion, indeed by [Siu69]
i∗L is a coherent reflexive sheaf on X. By assumption Cl(P ∈ X) is torsion
and so the same is true of H1(X − P,O∗X−P ). Since H
1(X − P,OX−P ) is a
C-vector space it is a divisible group, which implies that im(b) = 0. Thus
H1(X − P,OX−P ) = 0. 
The following result is proven in [CLN08, Lemma 2.1.1].
Lemma 5.7. Let M be a complex manifold of dimension ≥ 3 and let ω be
a holomorphic 1-form on M . Assume that the codimension of sing(ω) is at
least 3 and H1(M,OM ) = 0. Then ω admits a holomorphic Godbillon-Vey
sequence.
Corollary 5.8. Let P ∈ X be a germ of an isolated analytically Q-factorial
klt 3-fold singularity. Let ω be an integrable 1-form on X − P such that
sing(ω) has codimension at least 3 in X −P . Then ω admits a holomorphic
Godbillon-Vey sequence.
Proof. By Lemma 5.6 we have H1(X −P,OX−P ) = 0 in which case we may
apply Lemma 5.7 to conclude. 
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5.3. A few technical lemmas.
Lemma 5.9. Let P ∈ X be an analytic germ of Q-factorial and klt sin-
gularity with dim(X) ≥ 3. Let π : (Q ∈ Y ) → (P ∈ X) be a quasi-e´tale
morphism of germs. Then Q ∈ Y is Q-factorial.
Proof. Let π : Y → X be the Galois closure of π. Observe that π is quasi-
e´tale and if Y is Q-factorial then Y is Q-factorial, [KM98, Lemma 5.16].
Thus we may freely replace Y by Y and so may assume that π is Galois
with Galois group G.
Suppose for sake of contradiction that Y is not Q-factorial. Since π is quasi-
e´tale we see that Y is klt and therefore Y admits a small Q-factorialization
f : Y ′ → Y such that
(1) G acts on Y ′;
(2) f is G equivariant; and
(3) f is not the identity.
Indeed, such a Y ′ can be found by taking a G-equivariant resolution µ : W →
X and running a G-equivariant KW +(1−ǫ)
∑
Ei-MMP over X where
∑
Ei
is the union of the µ-exceptional divisors and ǫ > 0 is sufficiently small.
Let X ′ = Y ′/G and observe that we have a birational morphism g : X ′ → X.
Moreover, we see that g : X ′ → X is small, a contradiction of the fact that
X is Q-factorial. 
Lemma 5.10. Let π : Y → X be a finite morphism of complex varieties and
let F be a co-rank one foliation on X. Then F admits a holomorphic (resp.
meromorphic) first integral if and only if π−1F does.
Proof. The only if direction is immediate, and moreover, without loss of
generality we may replace π : Y → X by its Galois closure and so may
assume that π is Galois with Galois group G.
Suppose that π−1F admits a holomorphic (resp. meromorphic) first integral
F ′. Then Πg∈Gg ·F
′ is still a holomorphic (resp. meromorphic) first integral
of π−1F and there exists a holomorphic (resp. meromorphic) function F on
X with π∗F = Πg∈G(g · F
′). We see that F is our desired first integral. 
We say that f ∈ C[[x1, ..., xn]] is a power if there exists g ∈ C[[x1, ..., xn]]
and an integer m ≥ 2 such that gm = f . Observe that if f is a first integral
of ω and gm = f then g is also a first integral of ω.
Lemma 5.11. Consider C3 × C with coordinates (z1, z2, z3, t) and let Ω =
dt +
∑
tiωi be a formal 1-form where ωi ∈ H
0(U,Ω1U ) is a holomorphic 1-
form on 0 ∈ U ⊂ C3. Suppose that Ω is integrable, i.e., Ω ∧ dΩ = 0.
Let 0 ∈ D ⊂ U be a normal crossings divisor such that ωi is zero when
restricted to D for all i. Let X̂ be the formal completion of U × C along
D × 0.
Then Ω admits a first integral in H0(X̂,O
X̂
).
Remark 5.12. A priori, the formal frobenius theorem only guarantees that
Ω admits a first integral in H0(Ĉ4,O
Ĉ4
), with Ĉ4 the completion of C4 at
the origin.
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Proof. Following a change of coordinates and for ease of notation we will
assume that D = {z1z2z3 = 0} (the cases where D has 1 or 2 components
are simpler).
Since ωi vanishes when restricted to D for j = 1, 2, 3 we may write
ωi = f
i
jdzj + zjθ
i
j
where f ij and θ
i
j are holomorphic. It follows that we may write Ω = dt +
Fjdzj+zjΘj where Fj(z1, z2, z3, t) ∈ H
0(Xj ,OXj ), Θj =
∑
Hji (z1, z2, z3, t)dzi ∈
H0(Xj ,Ω
1
Xj
) and where Xj is the formal completion of U × C along {t =
zj = 0}.
We may then apply [CLN08, Lemma 3.1.1.] (or, more precisely, its proof)
to find a first integral Gj ∈ H
0(Xj ,OXj ) of Ω. Moreover, if we write Gj =∑
m,n t
mznj g
j
mn where g
j
mn is a convergent power series in {z1, z2, z3}−zj then
we may choose Gj so that g
j
00 = 0. In particular, observe that this implies
that if φ ∈ Aut(∆̂), where ∆ is the formal completion of C at 0, then φ◦Gj is
still an element of H0(Xj ,OXj ). Indeed, if we write φ ◦Gj =
∑
mn t
mznj g
′
mn
then g′mn = P (g
j
lp)l≤m,p≤n where P is some polynomial depending on φ,
in particular, g′mn is convergent provided all the g
j
lp are. Without loss of
generality we may also assume that Gj is not a power.
By considering G1, G2, G3 as elements in H
0(Ĉ4,O
Ĉ4
), with Ĉ4 the com-
pletion of C4 at the origin, we may apply [MM80, The´oreme` de factorisation]
to find φij ∈ Aut(∆̂) so that Gi = φij ◦ Gj . Thus, perhaps replacing Gj
by φij ◦ Gj we may assume that G1, G2, G3 all give the same element in
H0(Ĉ4,O
Ĉ4
) call it G. However, since Gi ∈ H
0(Xi,OXi) this implies that
G is in fact an element of H0(X̂,OX̂) and we are done. 
Lemma 5.13. Let X be a complex manifold, let D ⊂ X be a compact
subvariety and let X̂ be the completion of X along D. Let F be a smooth
co-rank 1 formal foliation on X̂ and suppose that for all p ∈ D there exists
an open neighborhood p ∈ U ⊂ X and Fp ∈ H
0(Û ,OÛ ) with Fp a first
integral of F and where Û is the formal completion of U along D.
Suppose moreover that D is tangent to F and that π1(D) = {1}. Then F
admits a first integral F ∈ H0(X̂,OX̂).
Proof. Without loss of generality we may assume that Fp is not a power for
all p and that Fp|D = 0 for all p.
If p 6= q is such that Up ∩ Uq 6= ∅ choose some z ∈ Up ∩ Uq ∩ D. By
considering Fp, Fq as elements in the completion ÔX̂,z we may apply [MM80,
The´oreme` de factorisation] to find a φp,q ∈ Aut(Ĉ) such that Fp = φp,q ◦Fq.
Thus F is transversely homogeneous and so we can produce a represen-
tation ρ : π1(D) → Aut(Ĉ) such that this representation is trivial exactly
when F admits a first integral in H0(X̂,OX̂ ). However, by assumption
π1(D) = {1} and so our result follows. 
5.4. Proof of Theorem 5.1.
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Proof of Theorem 5.1. First, by Lemma 5.9 we may replace X by a quasi-
e´tale cyclic cover and so may assume that N
[∗]
F is Cartier and so F|X∗ is
defined by an integrable 1-form ω which is non-vanishing on X∗. By Corol-
lary 5.8 we have that that ω admits a holomorphic Godbillon-Vey sequence
(ωk).
Let LX be the link of X. By [TX17, Corollary 1.4] we know that π1(LX)
is finite and let L˜→ LX be the universal cover. We may find a Galois e´tale
morphism of complex spaces Y ′ → X−P corresponding to this cover and by
[GKP16, Proposition 3.13] this cover extends to a Galois quasi-e´tale cover
π : Y → X. So by replacing X by Y we may assume that π1(LX) = 0 where
LX is the link of X.
Let µ : Y → X be a log resolution of X and let E =
∑
Ek be the sum of
the µ-exceptional divisors. Let Y ∗ = Y − µ−1(P ) ∼= X∗. By [GKKP11] we
see that ωi|X∗ extends to a holomorphic 1-form ω˜i on Y . Notice, furthermore
that we have maps
π1(LX) ∼= π1(Y
∗)
a
−→ π1(Y )
b
−→ π1(E)
where a is a surjective and b is an isomorphism. This implies that π1(E) is
trivial.
Define
Ω = dt+
∞∑
k=0
tk
k!
ω˜k
and observe that Ω is an non-singular integrable 1-form defined on Ŷ × C,
the completion of Y ×C along E×0, and where t is a local coordinate on C.
We have that Ω defines a smooth foliation Ĝ on Ŷ × C. Observe moreover
that Ĝ|Y×0 = µ
−1F .
Since F has non-dicritical singularities E is µ−1F invariant which implies
that E × 0 is tangent to Ĝ.
Observe by Corollary 1.14 that ω˜k vanishes when restricted to E. Thus we
may apply Lemma 5.11 to Ω to find for all p ∈ E a neighborhood p ∈ Up ⊂ Y
and first integral of Ω denoted Fp ∈ H
0(Ûp × C,OÛp×C
) where Ûp × C is the
completion of Up × C along E × 0.
Since π1(E) = {1} we apply Lemma 5.13 to produce a formal first integral
F ∈ H0(Ŷ × C,O
Ŷ×C
). Restricting F to Y ×0 we see that ω˜0 admits a first
integral f ∈ H0(Ŷ ,OŶ ). We now show that we can take this first integral
to be convergent.
Write f∗0 =
∑
aiEi. By [KKMSD73] we may find dominant proper
generically finite morphism W
σ
−→ Y such that the central fibre of (f ◦ σ)
is reduced and σ is ramified only over foliation invariant divisors. Write
E˜ = σ−1(E), Ŵ the completion of W along E˜ and f˜ = f ◦ σ.
Observe that we may write f˜ = f¯ r such that for all p ∈ E˜ we have f¯
is not a power in O
Ŵ ,p
. Thus we may apply [MM80, Theore´me` A] to find
a φp ∈ Aut(Ĉ) so that φp ◦ f¯ is convergent near p. Arguing as in Lemma
5.13, using the φp we produce a representation ρ : π1(W ) → Aut(Ĉ) which
vanishes when σ−1µ−1F admits a convergent first integral.
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Observe that we have a birational morphism W → X ′ contracting E˜ to
a point, namely the Stein factorization of W → X, and so that r : X ′ → X
is branched only over the separatrices of F . In particular, we see that
Kr−1F = r
∗KF and so arguing as above we may conclude that X
′ is klt.
Thus, perhaps passing to a higher quasi-e´tale cover we may freely assume
that π1(W ) = 0. Thus σ
−1µ−1F admits a convergent first integral. By
Lemma 5.10 this implies that µ−1F , and hence F , admits a convergent first
integral. 
5.5. Classification of terminal foliation singularities. We will need
the following which is a direct generalization of [Spi17, Lemma 9.7]
Corollary 5.14. Let P ∈ X be a normal threefold germ and let F be a
terminal co-rank 1 foliation. Then F admits a holomorphic first integral.
In particular KX is Q-Cartier.
Remark 5.15. A priori we only know that KF is Q-Cartier.
Proof. After replacing P ∈ X by a finite cover we may assume that KF is
Cartier. Since F is terminal and KF is Cartier this implies that P ∈ X is in
fact an isolated singularity. Moreover, perhaps shrinking about P we may
assume that Cl(P ∈ X) is generated by the classes of divisors D1, ...,DN on
X.
By Theorem 1.17 we may take
µ : (Y,G)→ (X,F)
an F-dlt modification of F . Since F is terminal we see that µ is small, i.e.,
µ−1(P ) is a union of curves. Observe that Y is Q-factorial. In particular,
D′i := µ
−1
∗ Di is Q-Cartier and so if P ∈ U ⊂ X is a smaller germ then
µ : µ−1(U) → U is also an F-dlt modification of F|U . Indeed, to see this it
suffices to show that µ−1(U) is globally Q-factorial. IfD is any global divisor
on U then observe that µ∗D ∼
∑
aiDi by assumption and so D ∼
∑
aiD
′
i
and hence is Q-Cartier. Thus we may freely replace X by a smaller germ
about P at any point should we need to do so.
We claim
Claim 5.16. For all Q ∈ µ−1(P ) ⊂ Y we have that Y is analytically Q-
factorial about Q.
Claim 5.17. Y is simply connected.
Proof of Claim 5.17. Let T be a germ of a G-invariant surface containing
µ−1(P ). Since G is terminal and µ−1(P ) is connected we see that T is
irreducible. Let S = µ∗T and observe by the proper mapping theorem that
S is a divisor on X.
Observe that since F , and hence G, is terminal and Gorenstein (i.e., KF
is Cartier) we have that (X,F) and (Y,G) are both smooth in codimension
2 and so KG |T = KT and KF |S = KS and so we see that µ
∗KS = KT . By
[CS18, Lemma 3.15] we see that T is a log terminal surface and so P ∈ S is
a germ of a log terminal singularity. Thus we see that exc(T → S) = exc(µ)
is a tree of rational curves and therefore µ−1(P ) is simply connected. Notice
that Y deformation retracts onto µ−1(P ) and so Y is simply connected. 
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Assuming Claim 5.16 we complete the proof as follows. Observe that
µ−1F is terminal and so for all Q ∈ Y by Theorem 5.1 there exists a holo-
morphic first integral about Q.
Let s : Y ′ → Y be an index 1 cover associated to T ramified only over T ,
see [KM98, Definition 2.52, Lemma 2.53], and let µ′ : Y ′ → X ′ be the Stein
factorization of Y ′ → X. Notice that r : X ′ → X is ramified only along
invariant divisors so Kr−1F = r
∗KF , in particular r
−1F is still terminal.
Replacing X by X ′ we may freely assume that T is Cartier.
Thus we can produce representation ρ : π1(Y ) → Aut(0 ∈ C) into the
group of germs automorphisms a disc fixing 0. However, since π1(Y ) is
trivial we see that ρ is trivial and so we can glue these local first integrals
into a global first integral on Y which descends to X.
To show that KX is Q-Cartier, let φ : (P ∈ X) → (0 ∈ C) be a holomor-
phic first integral for F where 0 ∈ C is a (germ of a) curve. Let F = φ−1(0)
and observe that KF = KX/C(−mF ) where KX/C = KX −φ
∗KC and where
m+1 is the multiplicity of the fibre over 0. By assumption KF is Q-Cartier,
φ∗KC is Cartier since C is a smooth curve and F =
1
m+1φ
∗0 is Q-Cartier
and so KX is Q-Cartier as claimed, thus completing the proof.
We now prove our claim.
Proof of Claim 5.16. Let Q ∈ Y be a point, and suppose for sake of con-
tradiction that Y is not analytically Q-factorial about Q and let D be a
local divisor defined on a neighborhood V of Q which is not Q-Cartier.
Since Y is klt this implies there exists a small Q-factorialization about Q.
Let f : Z → (Q ∈ Y ) be this Q-factorialization and let D′ be the strict
transform of D and let f−1(Q) =
⋃
i Ci be a decomposition into irreducible
components.
Observe that for all i we may find an irreducible effective Cartier divisor
Si defined on Z such that Si ·Cj = δij and such that Si ∩ f
−1(Q) is a single
point.
By choosing ai ∈ Q appropriately we may assume that D
′ +
∑
aiSi is
numerically trivial over Y . Since f is small we see that (D′+
∑
aiSi)−KZ
is nef and big over Y and therefore by the relative basepoint free theorem,
[KM98, Theorem 3.24] for n > 0 sufficiently divisible we have that n(D′ +∑
aiSi) ∼f 0. In particular, if we let Ti = f∗Si we see that D +
∑
aiTi is
Q-Cartier near Q.
Perhaps shrinking X we may find an open cover Y = V ∪
⋃
Vl where the
Vl are open and Vl ∩ Ti = ∅ since Ti ∩ µ
−1(P ) = Q and since µ−1(P ) is a
curve. Thus, (perhaps shrinking X further if needed) we may extend Ti to
a divisor T˜i on Y .
Thus T˜i (and hence Ti) is Q-Cartier, which implies that D is in fact
Q-Cartier, proving our claim. 

We can now provide a classification of terminal foliation singularities.
Proposition 5.18. Let (P ∈ X) be a threefold germ and let F be a co-rank
one foliation on (P ∈ X). Suppose KX and KF are Cartier and suppose
that F is terminal. Then F is given by the smoothing of a Du Val surface
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singularity, i.e., F admits a first integral φ : (P ∈ X) → (0 ∈ C) where
φ−1(0) is a Du Val surface singularity and φ−1(t) is smooth for t 6= 0. In
particular, X is terminal.
Moreover, by [Rei87], it is possible to write down a list of all such smooth-
ings. In an appropriate choice of coordinates we have that
X = {ψ(x, y, z) + tg(x, y, z, t) = 0}
and that F is defined by the 1-form dt, i.e., our first integral is just (x, y, z, t) 7→
t and where ψ(x, y, z) is one of the following:
(1) x2 + y2 + zn+1 with n ≥ 0;
(2) x2 + zy2 + zn−1 with n ≥ 4;
(3) x2 + y3 + z4;
(4) x2 + y3 + yz3;
(5) x2 + y3 + z5;
(6) x.
Conversely, if g(x, y, z, t) is such that X has at worst an isolated singularity
at P and F is defined by dt then F has a terminal singularity at P .
Theorem 5.19. Let P ∈ X be a threefold germ and let F be a co-rank one
foliation on X and suppose that F is terminal. Then P ∈ X is a quotient
of one of the foliations 1-6 in the above list by G = Z/m× Z/n.
Proof. By Corollary 5.14 we see that KF and KX are both Q-Cartier so we
may find a Galois cover π : (X ′,F ′)→ (X,F) with Galois group Z/n×Z/m
so that KF ′ and KX′ are both Cartier.
By Proposition 5.18 we see that (X ′,F ′) is one of the foliations 1-6 and we
can conclude. 
Corollary 5.20. Let p ∈ X be a germ of a normal threefold and let F be a
co-rank one foliation on X and suppose that F is terminal. Then X and F
admit a Q-smoothing, i.e., there exists a family of foliated threefold germs
Xt and Ft such that (X0,F0) = (X,F) and such that for t 6= 0 we have that
(Xt,Ft) is a quotient of a smooth foliation on a smooth variety.
Proof. This is a direct consequence of the classification in Proposition 5.18.
Indeed, in each case we may explicitly construct a smoothing of X and F
by perturbing the defining equations of X and F . 
5.6. Structure of terminal flips. We finish by providing a rough struc-
tural statement for terminal foliated flips.
Theorem 5.21. Let X be a Q-factorial threefold and let F be a co-rank 1
foliation on X with terminal singularities. Let φ : X → Z be a KF -flipping
contraction and let C = Exc(φ).
Then there exists an analytic open neighborhood C ⊂ U and a holomorphic
first integral F : U → C of F .
Proof. Observe that all irreducible components of C are rational curves. By
Theorem 3.3 we have that R1f∗OX = 0, and so C is in fact a tree of rational
curves, in particular it is simply connected. For all p ∈ C by Theorem 5.1,
we may find a holomorphic first integral of F near p. However, since C
is simply connected by arguing as in the proof of Corollary 5.14 we may
produce a first integral in a neighborhood of C. 
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Theorem 5.21 is a quite powerful statement: it reduces the study of ter-
minal foliated flips to that of flips of a fibration. In fact, since F is a first
integral all the fibres of F are F-invariant and so U can be decomposed into
a family of (non-proper) F-invariant surfaces over a neighborhood of the
origin in C. Fibrations are a very special kind of foliation and their study is
considerably simpler than that of a generic foliation. Moreover, let us notice
that, by means of the foliated version of the Riemann-Hurwitz formula, cf.
[Spi17, Prop 3.7], up to taking a ramified cover of the base, we can always
assume that the the fiber of F containing C is always a reduced one.
By adjunction we know that if Fs := F
−1(s) then we may write KF |Fs =
KFs +∆s for all s in a neighborhood of F (C) where the pairs (Fs,∆s) are
log canonical. Thus, if the divisors ∆s just constructed can be shown to
be the restriction of a common divisor ∆ on U , then it would actually be
immediate that the study of terminal foliation flips can be reduced to the
study of semistable flips in the sense of [KM98, §7].
6. Existence of separatrices for log canonical foliation
singularities
The goal of this section is to prove the following.
Theorem 6.1. Let P ∈ X be an isolated klt singularity. Let F be a germ
of a log canonical co-rank 1 foliation singularity on P ∈ X. Then F admits
a separatrix.
Recall that log canonical foliation singularities which are not canonical
are always dicritical and in general dicritical singularities do not admit sep-
aratrices as the following classical example due to Jouanolou shows.
Example 6.2. The foliation on 0 ∈ C3 defined by
(xmz − ym+1)dx+ (ymx− zm+1)dy + (zmy − xm+1)dz
has no separatrices at the origin for m ≥ 2. The blow up of this foliation at
0 has discrepancy = −m, and therefore is not log canonical for m ≥ 2.
As the next example shows a log canonical singularity may not admit a
separatrix if no assumption is made on the base space.
Example 6.3. Let A be an abelian surface that admits an automorphism τ
so that X := A/〈τ〉 is a rational surface and A→ X is e´tale in codimension
1. We may find a linear foliation on A which admits no algebraic leaves and
is τ -invariant and so descends to a foliation F without algebraic leaves on
X.
Let P ∈ Y be the cone over X with vertex P and let G be the cone over
F . It is easy to check that G is log canonical and admits no separatrices at
P . However, observe that P ∈ Y is log canonical and not klt.
We also have the following interesting corollary.
Corollary 6.4. Let F be a germ of a foliation 0 ∈ C3 and let i : (0 ∈
S)→ (0 ∈ C3) be a germ of a surface transverse to F such that i−1F is log
canonical, e.g., is a radial singularity. Then F admits a separatrix.
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Proof. This follows by combining Theorem 6.1 together with Theorem 2.12

We now proceed with the proof of Theorem 6.1. We will need the following
extension lemma.
Lemma 6.5. Let X be a complex threefold with a co-rank 1 foliation F
with non-dicritical singularities. Let D ⊂ X be a compact subvariety. and
let V ⊂ D be a closed proper subvariety of D tangent to F with the following
property:
(⋆) For all p ∈ V if Sp is a separatrix of F at p then Sp ∩D ⊂ V
Let q ∈ V be any point, let Uq be a neighborhood of q and let Sq ⊂ Uq be
a separatrix at q. Then there exists an analytic open neighborhood U of D
and an invariant subvariety S ⊂ U such that S ∩ Uq = Sq.
Proof. Let π : X → X be a resolution of singularities of X and F and so
that π−1(V ) is an invariant divisor.
Observe that Condition (⋆) still holds for π−1(V ) and π−1(D). Moreover,
if q ∈ V is some point and π−1(Sq) admits an extension, S, to a neighborhood
U of π−1(D) then since π is proper, π(S) ⊂ π(U) is an extension of Sq to a
neighborhood of D.
Thus, without loss of generality we may assume that X is smooth, F has
simple singularities and that V is a divisor.
Let q ∈ V be a point and let Sq be any separatrix at q. By [Spi17, §5.1] (see
also [CS18, Lemma 5.1] and [CC92, §IV]) we may find a neighborhood U ′ of
V and an invariant divisor S′ which agrees with Sq near q. Let D
′ = D∩U ′.
By (⋆) we see that S′∩(D′−V ) = ∅. Thus, perhaps shrinking U ′ if necessary,
for all p ∈ D−V there exists a neighborhood Up of p such that Up ∩S
′ = ∅.
Taking U = U ′ ∪
⋃
p∈D−V Up we see that S
′ extends to a subvariety of U
and we are done. 
We recall the following classification result due to [McQ08].
Theorem 6.6. Let X be a normal projective surface and let L be a rank one
foliation on X with canonical foliation singularities. Suppose c1(KL) = 0.
Then there exists a birational morphism µ : X → X ′ contracting only
rational curves tangent to L and a finite cover, τ : Y → X ′, e´tale in codi-
mension one such that one of the following holds where G = τ−1µ∗L:
(1) µ is an isomorphism, X = C ×E/G where g(E) = 1, C is a smooth
projective curve, G is a finite group acting on C × E and G is the
foliation induced by the G-invariant fibration C ×E → C;
(2) µ is an isomorphism and G is a linear foliation on the abelian surface
Y ;
(3) µ is an isomorphism, Y is a P1-bundle over an elliptic curve and G
is transverse to the bundle structure and leaves at least one section
invariant; or
(4) Up to blowing up Y at P ∈ sing(L) we have Y is a compactification
of Gm × Ga and L restricted to this open subset is generated by a
Gm ×Ga invariant vector field; or
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(5) Up to blowing up Y at P ∈ sing(L) we have that Y is a compactifi-
cation of Gm ×Gm and L restricted to this open subset is generated
by a Gm ×Gm invariant vector field.
Proof. This follows directly from [McQ08, Theorem IV.3.6] except for the
claim in items 1 - 3 that µ is an isomorphism. This however follows because
in each case G is smooth and so µ∗L is terminal, which since c1(KL) = 0
implies that µ is an isomorphism. 
Lemma 6.7. Let S be a surface and let L be a co-rank 1 foliation on S.
Suppose that c1(KL) = 0 and that L has canonical singularities.
Then the following hold.
(1) For all p ∈ sing(L) each separatrix at p is algebraic. In particular,
the union of all such separatrices is an algebraic subvariety of S.
(2) Either there exists a quasi-e´tale cover τ : A → S where A is an
abelian variety, or there exists an algebraic curve V ⊂ S such that
each component of V is L invariant and if p ∈ sing(L)∩V then each
separatrix at p is contained in V .
Proof. To prove item 1 observe that in order to check if each separatrix at
a singular point is algebraic we may freely contract curves tangent to the
foliation, as well as replacing by a finite cover. Thus, it suffices to check the
claim for each of the 5 types of foliation listed in the statement of Theorem
6.6.
In cases 1 - 3 the foliation is smooth and so there is nothing to prove.
Thus it remains to consider cases 4 and 5.
In this case, we see that the vector field generating L on Gm×Ga or Gm×
Gm, respectively, is smooth. Hence sing(L) is contained in the boundary of
the compactification. Moreover, since L is invariant under the action of
Gm × Ga or Gm × Gm we see that every separatrix of p ∈ sing(L) must be
contained in the boundary.
To prove item 2 again we may freely contract curves tangent to L and
replace by a finite cover. Thus we may assume that (S,L) is one of the
foliations listed in Theorem 6.6. We argue based on the case.
If we are in case 5 or 4 then sing(L) is non-empty and so by item 1 as
proven above we may take V to be the union of all separatrices at sing(L).
If we are in case 1 then L is algebraically integrable and we may take V
to be the closure of a general leaf.
If we are in case 3 let Σ be the invariant section. We claim that L is
smooth along Σ. Indeed, on one hand KL · Σ = KΣ + ∆ where ∆ ≥ 0 is
supported on sing(L) ∩ Σ. On the other hand by assumption KL · Σ = 0
and since Σ is an elliptic curve we have KΣ = 0 and so ∆ = 0. This gives
us sing(L) ∩ Σ = ∅ and so we may take V = Σ.
Otherwise S is an abelian variety and there is nothing more to prove. 
Lemma 6.8. Let P ∈ X be a germ of a normal threefold and let F be a co-
rank one foliation on X. Suppose that F is log canonical but not canonical.
Then there exists a birational morphism π : Y → X and an irreducible π-
exceptional divisor E0 such that
(1) E0 is a π-exceptional divisor transverse to G := π
−1F ;
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(2) π−1(P ) ⊂ E0;
(3) G has non-dicritical singularities;
(4) KG + E = π
∗KF where E =
∑
i ǫ(Ei)Ei where we sum over all
π-exceptional divisors ;
(5) (G, E) is log canonical; and
(6) Y is Q-factorial and klt.
Proof. Let µ : (X,F) → (X,F) be an F-dlt modification of (X,F) and
write KF +
∑
ǫ(E′i)E
′
i = µ
∗KF where the E
′
i are the µ-exceptional divisors.
Observe that X is Q-factorial and klt and F has non-dicritical singularities.
Since F is not canonical it must be the case that µ extracts some divi-
sor transverse to the foliation. We may therefore assume, after relabeling,
that ǫ(E′0) = 1 and E
′
0 ∩ µ
−1(P ) 6= ∅. For 0 < δ ≪ 1 we know that
(F ,
∑
ǫ(E′i)E
′
i − δE
′
0 := Θ) is F-dlt and so by Corollary 4.3 we may run a
KF +
∑
ǫ(E′i)E
′
i − δE
′
0-MMP over X, call this MMP φ : X 99K Y and let
π : (Y,G)→ (X,F) be the induced map.
Since the MMP preserves Q-factoriality and klt singularities and the out-
put of the MMP has non-dicritical singularities we see that items 6 and 3
are satisfied. Item 4 follows by construction and item 5 follows directly from
item 4.
Since
KF +
∑
ǫ(E′i)E
′
i − δE
′
0 ≡µ −δE
′
0
we see that each ray R contracted by this MMP has positive intersection
with the strict transform of E′0, in particular E
′
0 is not contracted by this
MMP. Set E0 = φ∗E
′
0. Since E
′
0 is transverse to the foliation E0 is as well
proving item 1. Moreover we have that
(KG + φ∗Θ)− (KG + φ∗
∑
ǫ(E′i)E
′
i) = −δφ∗E
′
0 = −δE0
is nef over X. By the negativity lemma, Lemma 1.15, for all x ∈ X either
π−1(x) is disjoint from E0 or π
−1(x) is contained in E0. By our choice of
E0 we have E0 ∩ π
−1(P ) 6= ∅ which proves item 2 
Lemma 6.9. Let P ∈ X be a germ of a klt singularity with a co-rank
one foliation F with log canonical but not canonical singularities. Let π :
(Y,G)→ (X,F) be a birational morphism as in Lemma 6.8 above.
Suppose that dim(π−1(P )) = 2 and that π−1(P ) is the only π-exceptional
divisor transvesre to G := π−1F . Then there is a separatrix at P .
Proof. Let E0 be a divisor as in Lemma 6.8 containing π
−1(P ). Since E0 is
irreducible this implies that π−1(P ) = E0.
We will find a closed subset V ⊂ E0 satisfying the hypotheses of Lemma
6.5 in order to produce a separatrix in a neighborhood of E0.
Let {Ei} denote the collection of π-exceptional divisors so that we have
KG + E0 = π
∗KF and (G, E0) is log canonical and where Ei is G-invariant
for i 6= 0
By foliation adjunction, Lemma 2.10, we know that
0 ∼Q (KG + E0)|En0 = KG0 +∆0
where ∆0 ≥ 0 and where n : E
n
0 → E0 is the normalization.
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Next, since X is klt we may write KY + E0 + B = π
∗KX + aE0 where
a > 0 and B is not necessarily effective, but is supported on the G-invariant
π-exceptional divisors. Write (KY + E0 + B)|En0 = KEn0 + Θ0. Then since
−E0|E0 is big we see that −(KE0 + Θ0) is big. Observe that Θ0 is not
necessarily effective, but if we write Θ0 = Θ
+
0 −Θ
−
0 where Θ
+
0 ,Θ
−
0 ≥ 0 then
Θ−0 is G0-invariant.
First we handle the case ∆0 6= 0. In this case KG0 is not psef, hence G0 is
algebraically integrable, by [BM16] for instance. Take V to be the closure
of general leaf of G0. Observe that G0 is non-dicritical since π
−1F is, and so
V is disjoint from the closure of any other leaf of G0. Moreover, in this case
we see that En0 is a P
1-fibration over a curve and that V is a general fibre
in this fibration. In particular, notice that KEn0 · V = −2.
We claim that n−1(n(V )) = V . Indeed, if not then E0 would not be
normal at some point of n(V ) and an explicit computation of the foliated
different in this case shows that there existsW ⊂ sing(E0) such that n
−1(W )
meets V in at least 2 points and the coefficient of each irreducible compo-
nent of n−1(W ) in ∆0 is at least 1. A similar computation shows that the
coefficient of the irreducible components of n−1(W ) in Θ0 is at least 1. No-
tice that V · Θ−0 = 0 and so (KEn0 + Θ0) · V ≥ 0. However, V is a movable
curve and this contradicts the fact that −(KEn0 +Θ0) is big.
Thus for all q ∈ n(V ) if Sq is a separatrix of π
−1F at q we see that
Sq ∩ E0 ⊂ n(V ) and so we may apply Lemma 6.5 to produce an extension
T of Sq to a neighborhood U of E0. Perhaps shrinking U we may assume
that U = π−1(W ) for some neighborhood W of P . Notice also that since
V was chosen to be general we may assume that T is not contained in the
union of the π-exceptional divisors. Since U → W is proper we see that
S = π∗T ⊂ V is a divisor and is invariant under F , and hence is our desired
separatrix.
Now we handle the case ∆0 = 0. First observe that ∆0 = 0 implies that
E0 is normal. By foliation adjunction, Lemma 2.10, G0 is log canonical and
since G0 is non-dicritical we see that G0 is in fact canonical.
Now, let r : Y → E0 be a quasi-e´tale cover of E0. If Θ
−
0 6= 0 then G0
has an invariant rational curve and by the classification Theorem 6.6 we see
that if Y is an abelian variety then G0 is algebraically integrable (in which
case we are done by arguing as above). If Θ−0 = 0 then we see that −KE0
is big and so we have that −KY = −r
∗KE0 is big and so Y cannot be an
abelian variety. In either case we may apply Lemma 6.7 to produce V ⊂ E0
such that each component of V is tangent to G0 and each separatrix of G0
meeting V is contained in V .
Observe that either V ⊂ E0 is not contractible to a point, i.e., we are in
cases 5, 4 or 1, or V is not a union of rational curves, i.e., we are in case
3. Recalling that X is klt we see for i 6= 0 if B = (
∑
Ei) ∩ E0 then B is
a contractible tree of rational curves in E0. So we have that if q ∈ V is a
general point and Sq is a separatrix at q then Sq cannot be contained in the
union of the π-exceptional divisors. Observe that Sq ∩ E0 is a separatrix of
G0 at q, and so by construction is contained in V .
Thus we may apply Lemma 6.5 to produce a sepatrix T extending Sq in
a neighborhood of E0 and such that T is not contained in the union of the
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π-exceptional divisors. Take S = π∗T and again we see that S is our desired
separatrix. 
We are now ready to prove the main theorem of this section.
Proof of Theorem 6.1. Suppose first that F has canonical singularities. If
X is Q-factorial then we may apply Corollary 5.2 to produce a separatrix.
Otherwise, since X is klt, it admits a small Q-factorialization µ : X ′ → X.
Since F is non-dicritical we know that µ−1(P ) is tangent to the foliation
and is therefore contained in a germ of an invariant surface, S. We may
then take µ∗S as our desired separatrix.
So we may assume that F is not canonical and let π : (Y,G)→ (X,F) be
a modification as in Lemma 6.8 and let E0 be a divisor as in the statement
of the Lemma.
There are two cases, either π−1(P ) is of dimension 2 or it is of dimension 1.
Notice moreover, that if there exists some π-exceptional divisor E transverse
to G such that E is centred over a curve in X then by choosing E = E0 in
the proof of Lemma 6.8 we have that π−1(P ) is of dimension 1.
If π−1(P ) is of dimension 2 we may therefore freely assume that the only
π-exceptional divisor transverse to G is π−1(P ). We may apply Lemma 6.9
to conclude.
Otherwise C := π−1(P ) ⊂ E0 is a curve. Let G0 be the induced foliation
on E0. Suppose first that some component C0 ⊂ C is transverse to G0. Then
we may apply Lemma 6.5 withD = C0 and V a general point in C0. Observe
that there is no difficulty in extending a separatrix S in a neighborhood of
C0 meeting C0 at a point to a neighborhood of C. In this case π∗S will be
our desired separatrix.
Now suppose that each component of C is invariant by G0. In this case,
perhaps shrinking X, we may assume that the union of all convergent sep-
aratrices meeting C is an analytic subset of E0, call it C˜. In this case we
may apply Lemma 6.5 with D = E0 and V = C˜ to produce a separatrix S
in a neighborhood of E0. Again, π∗S is our desired separatrix. 
Remark 6.10. In fact, the arguments above prove a slightly stronger claim
which may be of interest. In the set up as above, if we let C ⊂ sing(F) be a
curve of singularities passing through P then C is contained in a separatrix.
7. Foliations and hyperbolicity
The goal of this section is to prove the following foliated version of [Sva14,
Theorem 1.1]. Given a foliated pair (F ,∆) and an lc center S we will denote
by S¯ ⊂ S the locally closed subvariety obtained by removing from S the lc
centers of (F ,∆) strictly contained in S.
Theorem 7.1. Let (F ,∆) be a foliated log canonical pair on a normal pro-
jective variety X. Assume that
• X is potentially klt,
• there is no non-constant morphism f : A1 → X \Nklt(F ,∆) tangent
to F , and
• for any stratum S of Nklt(F ,∆) there is no non-constant morphism
f : A1 → S¯ which is tangent to F .
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Then KF +∆ is nef.
7.1. A special version of dlt modifications. We prove a refinement of
Theorem 1.17, which will be useful in the proof of the main result of this
section.
Theorem 7.2 (Existence of F-dlt modifications). Let F be a co-rank one fo-
liation on a normal projective variety X of dimension at most 3. Let (F ,∆ =∑
aiDi) be a foliated pair. We will denote by ∆
′ :=
∑
ai<ǫ(Di)
aiDi +∑
aj≥ǫ(Dj)
ǫ(Dj)Dj .
Then there exists a birational morphism π : Y → X which extracts divisors E
of foliation discrepancy ≤ −ǫ(E) such that if we write KG+Γ = π
∗(KF+∆)
then (G,Γ′ := π−1∗ ∆
′ +
∑
Ei π−exc.
ǫ(Ei)Ei) is F-dlt.
Furthermore, we may choose (Y,G) so that
(1) if W is a non-klt centre of (G,Γ) then W is contained in a codimen-
sion one lc centre of (G,Γ′),
(2) Y is Q-factorial,
(3) Y is klt, and
(4) π−1Nklt(F ,∆) = Nklt(G,Γ) = Nklt(G,Γ′).
Proof. For the proof of (1), (2), and (3) one can refer to [CS18, Theorem
8.1]. Let πZ : Z → X be a modification of (F ,∆) satisfying these three
properties. Let us denote by (H,Θ,Θ′) the triple given by the birational
transform of F on Z,
KH +Θ = π
∗
Z(KF +∆), Θ
′ = π−1Z∗∆
′ +
∑
Fi πZ−exc.
ǫ(Fi)Fi.
By these inequalities KH + Θ
′<1 ∼R,X −Θ
′′, where Θ′′ := Θ − Θ′<1. As
KH+Θ
′<1 is big/X, there exists A ample/X and an effective divisor G such
that
KH +Θ
′<1 ∼R,X A+G.
We can decompose G as
G = G1 +G2 +G3,
where G1 is the part of F supported on πZ-exceptional divisors or H-
invariant divisors, G2 is the part of G whose components are notH-invariant
but contain an H-invariant lc center for (H,Θ), and G3 := G − G1 − G2.
For any 0 < ǫ≪ 1 we can write
−Θ′′ ∼R,X KH +Θ
′<1 = (1− ǫ)(KH +Θ
′<1) + ǫ(KH +Θ
′<1) ∼R,X
∼R,X (1− ǫ)(KH +Θ
′<1 + ǫ1−ǫ(A+G)) ∼R,X
∼R,X (1− ǫ)(KH +Θ
′<1 + ǫ1−ǫ(A+G1 +G2 +G3),
so that
KH +Θ
′<1 + ǫ1−ǫ(A+G2 +G3) ∼R,X −
1
1−ǫΘ
′′ − ǫ1−ǫG1
Choosing an effective divisor L whose support coincides with the divisorial
part of exc(πZ) such that A− L is ample, then
KH +Θ
′<1 + ǫ′(G2 +G3 +A− L) ∼R,X −
1
1− ǫ
Θ′′ −
ǫ
1− ǫ
(G1 + L).
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Let us choose a sufficiently general effective A′ ∼R A − L and define G
′ :=
G2 + G3 + A
′, ǫ′ := ǫ1−ǫ , and Ξǫ′ :=
1
1−ǫΘ
′′ + ǫ1−ǫ(G1 + L). Hence, KH +
Θ′<1 + ǫ′G′ ∼R,X −Ξǫ′ .
Claim 1. For ǫ′ ≪ 1, there exists an F-dlt modification r¯ : Z¯ → Z of
(H,Θ′<1+ǫ′G′) such that for any r¯-exceptional prime divisor E, a(E;H,Θ′) =
−ǫ(E).
Proof of Claim 1. Fix 0 < ǫ′ ≪ 1. Let r˜ : Z˜ → Z be an F-dlt modification
in the sense of Theorem 1.17 for (H,Θ′<1+ ǫ′G′). Let us define H˜ to be the
birational transform of H on Z˜. Write
KH˜ + r˜
−1
∗ (Θ
′<1 + ǫ′G′) +
∑
aiEi = r˜
∗(KH +Θ
′<1 + ǫ′G′), ai ≥ ǫ(Ei).
As it is a F-dlt modification, it follows that (H˜, r˜−1∗ (Θ
′<1+ǫ′G′)+
∑
ǫ(Ei)Ei)
is F-dlt. Let Ei be a r˜-exceptional prime divisor such that a(Ei;H,Θ
′) >
−ǫ(Ei); as Θ
′ ≥ Θ′<1then also a(Ei;H,Θ
′<1) > −ǫ(Ei). Since the discrep-
ancy a(Ei;H,Θ
′<1+ǫ′G′) is a linear function of ǫ′, we can choose 0 < ǫ′′ ≪ ǫ′
such that
KH˜ + r˜
−1
∗ (Θ
′<1 + ǫ′′G′) +
∑
biEi = r˜
∗(KH +Θ
′<1 + ǫ′′G′),
and bi < ǫ(Ei) whenever a(Ei;H,Θ
′) > −ǫ(Ei). Hence,
KH˜ + r˜
−1
∗ (Θ
′<1 + ǫ′′G′) +
∑
ǫ(Ei)Ei ∼R,Z P −N,
where P,N are effective r˜-exceptional divisors with disjoint supports, the
support of P contains all the Ei with a(Ei;H,Θ
′) > −ǫ(Ei). The pair
(H˜, r˜−1∗ (Θ
′<1 + ǫ′′G′) +
∑
ǫ(Ei)Ei) is dlt. By Corollary 4.3 we may run the
(KH˜ + r˜
−1
∗ (Θ
′<1 + ǫ′′G′) +
∑
ǫ(Ei)Ei)-MMP over Z, to obtain a model
Z˜ //❴❴❴❴❴❴❴
r˜

❄❄
❄❄
❄❄
❄❄
Z¯
r¯
⑧⑧
⑧⑧
⑧⑧
⑧⑧
Z
where, denoting with H¯ the birational transform of H, KH¯ + r¯
−1
∗ (Θ
′<1 +
ǫ′′G′) +
∑
ǫ(Fi)Fi is relatively nef, where the Fi are the strict transforms of
the r¯-exceptional divisors of . The Negativity Lemma implies that
KH¯ + r¯
−1
∗ (Θ
′<1 + ǫ′′G′) +
∑
ǫ(Fi)Fi ∼R,Z −N¯ ,
where N¯ is the strict transform of N on Z¯. Thus, by construction, Z¯ is
the model that satisfies the statement of the claim for the chosen value of
ǫ′′. 
Let us recall that on Z, KH + Θ
′<1 + ǫ′G′ ∼R,X −Ξǫ′. Thus, on Z¯ there
exists an effective divisor F¯ supported on the Fi such that F¯ ≥
∑
ǫ(Fi)Fi
and
r¯∗(KH +Θ
′<1 + ǫ′G′) = KH¯ + r¯
−1
∗ (Θ
′<1 + ǫ′G′) + F¯ ∼R,X −r¯
∗Ξǫ′ .
Moreover, the support of F¯ + r¯∗Ξǫ′ is the union of the divisorial part of the
exceptional locus of the morphism Z¯ → X together with some F-invariant
components and
KH¯ + Θ¯
′ = r¯∗(KF +Θ
′), Θ¯′ := r−1∗ (Θ
′) +
∑
ǫ(Fi)Fi.
46 CALUM SPICER AND ROBERTO SVALDI
Running the (KH¯ + r¯
−1
∗ (Θ
′<1 + ǫ′G′))-MMP over X
Z¯ //❴❴❴❴❴❴❴
r¯

❄❄
❄❄
❄❄
❄❄
Y1
π
~~⑦⑦
⑦⑦
⑦⑦
⑦
X
that terminates with a model π1 : Y1 → X on which −(F¯ + r¯
∗Ξǫ′) is nef.
We denote by HY1 ,Θ
′
Y1
the strict transforms of H¯, Θ¯′ on Y1. To conclude
the proof, we take an F-dlt modification rY : Y → Y1 of the pair (HY1 ,Θ
′
Y1
).
Negativity Lemma and Claim 1 imply that Y is the desired model whose
existence we claimed in the statement of the theorem. 
7.2. Mori hyperbolicity and non-klt locus. We recall the following hy-
perbolicity result for standard log pairs with dlt support which will be used
throughout this section.
Proposition 7.3. [Sva14, Prop. 5.2] Let (X,∆ =
∑
i biDi ≥ 0) be a normal,
projective, Q-factorial log pair s.t. (X,∆′ =
∑
bi<1
biDi +
∑
bi≥1
Di) is
dlt. Suppose that KX + ∆ is nef when restricted to Supp(
∑
bi≥1
biDi) =
Nklt(∆′) = Nklt(∆). Then, exactly one of the following two possibilities
holds:
• KX +∆ is nef, or
• X \Nklt(∆) contains an algebraic curve whose normalization is A1.
In the case of a general foliated log pair, using dlt modifications we get
the following criterion, which will be fundamental in the proof of Theorem
7.1.
Corollary 7.4. Let X be a normal, projective, Q-factorial threefold. Let
(F ,∆ =
∑
i biDi ≥ 0) be a foliated log pair s.t. (F ,∆
′ =
∑
i|bi<ǫ(Di)
biDi +∑
i|bi≥ǫ(Di)
ǫ(Di)Di) is F-dlt. Assume that
• KF +∆ is nef when restricted to Nklt(F ,∆), and
• X \ Nklt(F ,∆) does not contain algebraic curves whose normaliza-
tion is A1.
Then KF + ∆ is nef if and only if KF + ∆ is nef when restricted to
Nklt(F ,∆).
Proof. If KF + ∆ is nef, then, a fortiori, it is nef when restricted to any
subvariety of X.
We now assume that KF +∆ is nef when restricted to Nklt(∆). As (F ,∆
′)
is F-dlt, it follows that
Nklt(F ,∆) =
⋃
µDi∆≥ǫ(Di)
Di.
Suppose KF + ∆ is not nef. Then there exists a negative extremal ray
R ⊂ NE(X). Since KF + ∆ is nef when restricted along Nklt(F ,∆), it
follows that R·Di ≥ 0 for any Di with µDi∆ ≥ ǫ(Di). Hence, R is a negative
extremal ray also for KF +∆
′. As (F ,∆′) is F-dlt, it follows from the Cone
and contraction theorem [CS18, Theorem 8.4] that there exists a contraction
φ : X → Y within the category of projective varieties which only contracts
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curves in X whose numerical class belongs to R. In particular as KF +∆ is
nef along Nklt(F ,∆), it follows that each fiber of φ intersects Nklt(F ,∆) in
at most finitely many points. As X is Q-factorial, it follows that each fiber
of φ intersecting Nklt(F ,∆) must have dimension at most 1; otherwise, if
Xy, y ∈ Y were a 2-dimensional fiber, no component of ∆
′ could intersect
Xy, as this intersection would contain a (KF +∆)-negative curve contained
in Nklt(F ,∆), hence there would be a rational curve C ⊂ X \ Nklt(F ,∆),
thus leading to a contradiction.
Let Σ ⊂ X be an irreducible curve contracted by φ. We claim that Σ
is a rational curve. Indeed, Σ is tangent to F so we may find a germ
of an invariant surface, S, containing Σ. If Σ ⊂ sing(F) we may take
S to be a strong separatrix at a general point of Σ. Thus if we write
(KF + ∆)|S = KS + ∆S then µΣ∆S ≤ 1. Moreover, if we let T be the
normalization of φ(S) then we see that Σ is a (KS + ∆S)-negative curve
contracted by S → T and is therefore (by classical adjunction) necessarily
a rational curve.
Thus, the Q-factoriality of X implies that we are in either of the following
two cases:
1) φ is a Mori fibre space and all the fibres are one dimensional;
2) φ is birational and the exceptional locus intersects Nklt(∆).
We claim that in both cases R1φ∗OX = 0. In fact, in case 1) as all fibers are
rational curves, we have that φ must be a KX -negative contraction, while
in case 2) the conclusion can be reached by direct application of Theorem
3.3. Moreover, Theorem 2.1 implies that Nklt(F ,∆) is connected in a neigh-
borhood of every fibre of φ. In case 1), the generic fibre of µ is a smooth
projective rational curve. Theorem 2.1 implies that the generic fibre inter-
sects Nklt(∆) in at most one point. This concludes the proof in case 1).
In case 2), the positive dimensional fibres are chains of rational curves and
by the vanishing R1φ∗OX = 0, the generic fibre has to be a tree of smooth
rational curves. By Theorem 2.1, Nklt(F ,∆) intersects this chain in at most
one point. In particular, there exists a complete rational curve C such that
C ∩ (X \Nklt(F ,∆)) = f(A1), where f is a non-constant morphism. Hence,
we have reached the sought contradiction. 
Proof of Theorem 7.1. We divide the proof into two distinct cases.
Case 1: We first prove the theorem under the assumption that (F ,∆) is
F-dlt.
If KF + ∆ is nef along Nklt(F ,∆) the conclusion follows from 7.4. Hence,
we can assume that there exists a positive dimensional lc center W for
(F ,∆) and KF + ∆ is not nef along W . By induction on the dimension,
we can consider W to be a minimal (for the equivalence relation induced
by inclusion) lc center satisfying such property, so that (KF +∆)|W is nef
when restricted to the lc centers of (F ,∆) strictly contained in W . Clearly,
dimW > 0 and [Spi17, Theorem 4.3] implies that if dimW = 1, then W is
tangent to F . As (F ,∆) is F-dlt, it follows that either one of the following
conditions hold:
a) W is a component of ∆ of coefficient 1;
b) W is an invariant divisor;
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c) W is a curve contained in Sing(F) and F is canonical along W by
[CS18, Lemma 3.9]; or
d) W is a curve tangent to F , not contained in Sing(F) and is contained
in a component D of ∆ with µD∆ = 1.
Case 1.a. If W is a component of ∆ of coefficient 1, then we can apply
the adjunction formula along the normalization ν : W ν → W :
(KF +∆)|Wν = KG +Θ,
where G is the restriction of F to W ν and Θ is the different as defined in
Lemma 2.10. The adjunction formula guarantees that (G,Θ) is F-dlt, see
Lemma 2.10, that ν−1(Z) = Nklt(G,Θ), where Z is the union of all lc centers
of (F ,∆) strictly contained in W . This follows from [CS18, Lemma 3.6] as
(X,∆) is log smooth in a neighborhood of any lc center; in particular, W is
normal at the general point of any codimension 2 lc centers contained in it,
thus,
Nklt(G,Θ) = ν−1(Z). (7.1)
Hence, the conclusion follows from the 2-dimensional case, that is, from
Proposition 7.5. In fact, the proposition implies that there is a non-constant
map f : A1 → W ν and f(A1) ⊂ W ν \ Nklt(G′,Θ) and by (7.1) composing
with ν we obtain a map f ′ : A1 → (W \ Z).
Case 1.b. If W is an invariant divisor, then we can apply the adjunction
formula along the normalization ν : W ν →W :
(KF +∆)|Wν = KW ν +Θ, (7.2)
where Θ is the foliation different. Moreover, we know that ν−1(Z) =
Nklt(W ν ,Θ), where Z is the union of all lc centers of (F ,∆) strictly con-
tained in W , see [CS18, Lemma 3.15]. Hence, by Proposition 7.3, it follows
that there exists a non-constant map f : A1 → (W ν \ Nklt(W ν ,Θ)). As
ν−1(Z) = Nklt(W ν), then ν ◦ f produces the desired curve in W \ Z.
Case 1.c. If W is a curve contained in Sing(F) and F is canonical along
W , then by [CS18, Lemma 3.11] there exist two possibly formal separatrices
of F throughW and we can choose one of them, say S, to be the (convergent)
strong separatrix, see [Spi17, Corollary 5.5]. Hence, applying adjunction
along S, it follows that
(KF +∆)|Sν = KSν +W +Θ,
where ν : Sν → S is the normalization of S and W + Θ is the different of
(F ,∆) along Sν .
So by Lemma 2.10 we see that if P is a non-klt centre of (Sν ,W +Θ) then
ν(P ) is an lc centre of (F ,∆). Let n : V → W the normalization of W and
by (classical) adjunction we may write n∗(KSν +W +Θ) = KV +ΘV where
⌊ΘV ⌋ is supported on the pre-images of the non-klt centres of (S
ν ,W + Θ)
contained in W . Since (KSν +W + Θ) ·W < 0 we have V ∼= P
1 and ⌊ΘV ⌋
contains at most one point. Thus we see that the normalization W − Z ′ is
P1 or A1 where Z ′ are the strata of Nklt(F ,∆) contained in W .
Case 1.d Let FD be the foliation restricted to D and write (KF+∆)|D =
KFD + ∆D. Again, the result follows directly from Proposition 7.5 and
Lemma 2.10 (as in Case 1.a) which imply that the normalization of W −Z ′
contains a copy of A1.
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Case 2: We prove the theorem when (F ,∆) is lc by reducing to Case 1.
By Theorem 7.2, we can take a dlt modification π : Y → X and Y is a
normal Q-factorial projective variety supporting a foliated (FY ,∆Y ) with
F-dlt singularities. Moreover,
KFY +∆Y = π
∗(KF +∆).
If KF +∆ is not nef, then the same must hold for KFY +∆Y .
We first discuss the case where KF + ∆ is nef along Nklt(F ,∆). Since
π−1(Nklt(F ,∆)) = Nklt(FY ,∆Y ), see Theorem 7.1, if KF +∆ is nef along
Nklt(F ,∆), Corollary 7.4 implies the existence of a non-constant map f : A1 →
(Y \ Nklt(FY ,∆Y )). This produces the desired contradiction.
As a consequence, we can assume that there is an lc center WY ⊂ Y of
(FY ,∆Y ) and a non-constant map f : A
1 →WY such that
• f(A1) ⊂ (WY \ ZY ) where ZY is the union of all lc centers strictly
contained in WY , and
• (KFY +∆Y ) · C < 0, where C is the Zariski closure of f(A
1).
We define W := π(WY ): this is an lc center of (F ,∆). We wish to show
the existence of a non constant morphism g : A1 → (W \Z), where Z is the
union of all lc centers in W .
Let Z0 ⊂ Z be the union of all those lc centres Z ′ inW such that π−1(Z ′)
is a union of lc centres. By our above work we see that (π◦f)(A1) ⊂W−Z0.
Notice moreover that if Z ′ is an lc centre such that π−1(Z ′) is pure codi-
mension 1 then Z ′ ⊂ Z0.
We argue in cases based on the dimension of W . If dim(W ) = 0 there is
nothing to show, so suppose for the moment that dim(W ) = 1
Let T be a codimension 1 lc centre of (FY ,∆Y ) dominatingW and which
contains f(A1) and denote by σ : T →W the projection.
Suppose first that T is transverse to FY and write by adjunction (KFY +
∆Y )|T = KG +Θ and let C be as above, notice that (G,Θ) is F-dlt. Set Θ0
to be the part of ⌊Θ⌋ supported on σ−1(Z) and set Θ1 to be those divisors
D contained in σ−1(Z) with ǫ(D) = 1 and D is not contained in the support
of ⌊Θ⌋.
Fix 0 < ǫ, δ ≪ 1 and run the (KG + Θ − ǫΘ0 + δΘ1)-MMP over W and
denote it by φ : T → S. Let H be the pushforward of G, let D = φ∗C,
let Γ = φ∗Θ and let τ : S → W denote the induced map. We have that
(H,Γ) is log canonical and by the negativity lemma we see that τ−1(Z) ⊂
supp(Γ), and so the pre-image of an lc centre is a union of lc centres. Since
(KH + Γ) · D < 0 it follows from Proposition 7.5 that there exists a map
A1 → S − Nklt(H,Γ) and we may pushforward this map along τ to give a
map A1 →W − Z.
The case where T is invariant can be proven in a similar manner.
Now suppose that dim(W ) = 2. Let WY denote the strict transform of
W and let σ : WY → W be the induced map.
Suppose first that W is transverse to the foliation and write (KFY +
∆Y )|WY = KG + Θ. Let C ⊂ WY be a 1 dimensional lc centre and observe
by foliated Riemann-Hurwitz that ifB ⊂WY is a divisor such that σ(B) = C
then B ⊂ WY is an lc centre of (G,Θ). Let Q ⊂ W be the union of the
zero dimensional lc centres contained in W , set Θ0 to be the part of ⌊Θ⌋
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supported on σ−1(Q) and set Θ1 to be those divisors D contained in σ
−1(Z)
with ǫ(D) = 1 and D is not contained in the support of ⌊Θ⌋.
Again, we run a KG + Θ − ǫΘ0 + δΘ1 over W for 0 < ǫ, δ ≪ 1. Let
φ : WY → S denote this MMP and let τ : S → W denote the induced map.
Again, notice that the pre-image of an lc centre under τ is a union of lc
centres and by applying Proposition 7.5 we may produce a map A1 → S
whose pushforward along τ gives a map A1 →W − Z.
Again, the case whereWY is invariant can be handled in a similar manner.
In all cases if KF+∆ is not nef we have produced a map A
1 →W−Z. 
Proposition 7.5. Let (F ,∆) be a log canonical foliated pair on a normal
projective surface X. Assume that
• X is potentially lc,
• there is no non-constant morphism f : A1 → X \Nklt(F ,∆), and
• for any stratum S of Nklt(F ,∆) there is no non-constant morphism
f : A1 → S¯.
Then KF +∆ is nef.
Proof. Assume for sake of contradiction that KF +∆ is not nef and (F ,∆)
satisfies all the hypotheses in the statement of the proposition.
We divide the proof into two distinct cases.
Case 1: We assume that (F ,∆) is F-dlt and we show that the above hy-
pothesis leads to a contradiction.
By [Spi17, Theorem 6.2], since KF + ∆ is not nef, there exists a rational
curve C ⊂ X with (KF +∆) · C < 0 and C is tangent to F .
As C is F-invariant we see that C cannot be contained in supp(∆). Thus
we may write
(KF +∆)Cν = KCν +∆Cν ,
where ν : Cν → C is the normalization, and supp(⌊∆Cν⌋) ⊃ ν
−1(sing(F) ∪
⌊∆⌋).
Finally, observe Nklt(F ,∆) and all its strata are supported on sing(F)∪⌊∆⌋
to conclude that the normalization of C − Z ′ is P1 or A1 where Z ′ are all
the strata of Nklt(F ,∆) meeting C. This is our desired contradiction.
Case 2: We assume that (F ,∆) is lc and we reduce the proof to Case 1.
Let π : Y → X be an F-dlt modification for the pair (F ,∆),
KFY + Γ = f
∗(KF +∆).
Hence, also KFY +Γ is not nef and by Case 1 there is is a rational curve C ⊂
X tangent to FY such that C · (KFY +Γ) < 0; moreover, the normalization
morphism Cν → Y induces either a non-constant morphism f : A1 → Y \
Nklt(FY ,Γ) or a non-constant morphism f : A
1 → S¯, for some stratum S of
Nklt(FY ,Γ). The curve π(C) is tangent to F , thus, it is F-invariant, since
FY has rank 1. If C ∩ (Y \ Nklt(FY ,Γ)) 6= ∅, it follows from Theorem 7.2
and adjunction that π ◦f : A1 → X \Nklt(F ,∆) is a well-defined morphism.
Hence we can assume that C is an lc center of (FY ,Γ) and that C¯ is a copy
of A1 embedded in Y . But then, again, the adjunction formula and Theorem
7.2 imply that π(C¯) is also a copy of A1 embedded in X, thus proving the
proposition. 
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8. Some questions
The proof of Theorem 6.1 and its generalizations and possible applications
raise several questions.
Question 8.1. Let 0 ∈ X be a germ of a klt singularity and F a log canonical
co-rank one foliation on X. Does F admit a separatrix at 0?
Question 8.2. Let F be a co-rank 1 foliation on a klt variety (X,∆) with
c1(KF ) = 0 and −(KX +∆) big.
(1) Does F admit an invariant divisor?
(2) Is sing(F) non-empty?
(3) For p ∈ sing(F) is every separatrix at p algebraic?
More generally, one may wonder if log canonical singularities of foliations
all dimension admit separatices. By examples of Gomez-Mont and Luengo
[GML92] it is known that a vector field on C3 does not always admit a
separatrix, however the examples given there are not log canonical.
Question 8.3. Let F be a foliation of any rank on Cm. Let 0 be an log
canonical singularity of F . Does F admit a separatrix at 0?
In the proof of existence of flips given in [CS18] the existence of sep-
aratrices played a central role, and thus the methods given there do not
immediately imply the existence of log canonical flips. With Theorem 6.1
in mind we ask the following.
Question 8.4. Do log canonical foliation flips exist?
This extension seems to be important to apply the methods of the foliated
MMP to several classes of folations of interest: Fano foliations, for instance,
have worse than canonical singularities.
References
[AD13] C. Araujo and S. Druel, On Fano foliations, Adv. Math. 238 (2013), 70–118.
MR 3033631
[BM16] F. Bogomolov and M. McQuillan, Rational curves on foliated varieties, Fo-
liation theory in algebraic geometry, Simons Symp., Springer, Cham, 2016,
pp. 21–51. MR 3644242
[Bru00] M. Brunella, Birational geometry of foliations, Monograf´ıas de Matema´tica.
[Mathematical Monographs], Instituto de Matema´tica Pura e Apli-
cada (IMPA), Rio de Janeiro, 2000, Available electronically at
http://www.impa.br/Publicacoes/Monografias/Abstracts/brunella.ps.
MR 1948251
[Cam88] C. Camacho, Quadratic forms and holomorphic foliations on singular sur-
faces, Math. Ann. 282 (1988), no. 2, 177–184. MR 963011
[Can04] F. Cano, Reduction of the singularities of codimension one singular folia-
tions in dimension three, Ann. of Math. (2) 160 (2004), no. 3, 907–1011.
MR 2144971 (2006f:32041)
[CC92] F. Cano and D. Cerveau, Desingularization of nondicritical holomorphic fo-
liations and existence of separatrices, Acta Math. 169 (1992), no. 1-2, 1–103.
MR 1179013
[CLN08] D. Cerveau and A. Lins Neto, Frobenius theorem for foliations on singular va-
rieties, Bull. Braz. Math. Soc. (N.S.) 39 (2008), no. 3, 447–469. MR 2473858
[CRV15] F. Cano and M. Ravara-Vago, Local Brunella’s alternative II. Partial separa-
trices, Int. Math. Res. Not. IMRN (2015), no. 23, 12840–12876. MR 3431638
52 CALUM SPICER AND ROBERTO SVALDI
[CRVS15] F. Cano, M. Ravara-Vago, and M. Soares, Local Brunella’s alternative I.
RICH foliations, Int. Math. Res. Not. IMRN (2015), no. 9, 2525–2575.
MR 3344680
[CS18] P. Cascini and C. Spicer, Mmp for co-rank one foliations on threefolds, 2018,
ArXiv e-print, arXiv:1808.02711.
[Dru18] S. Druel, Codimension one foliations with numerically trivial canonical class
on singular spaces, 2018, ArXiv e-print, arXiv:1809.06905.
[Fle81] H. Flenner, Divisorenklassengruppen quasihomogener Singularita¨ten, J.
Reine Angew. Math. 328 (1981), 128–160. MR 636200
[GKKP11] D. Greb, S. Kebekus, S. J. Kova´cs, and T. Peternell, Differential forms on
log canonical spaces, Publ. Math. Inst. Hautes E´tudes Sci. (2011), no. 114,
87–169. MR 2854859
[GKP16] D. Greb, S. Kebekus, and T. Peternell, e´tale fundamental groups of Kawa-
mata log terminal spaces, flat sheaves, and quotients of abelian varieties,
Duke Math. J. 165 (2016), no. 10, 1965–2004. MR 3522654
[GML92] X. Go´mez-Mont and I. Luengo, Germs of holomorphic vector fields in C3
without a separatrix, Invent. Math. 109 (1992), no. 2, 211–219. MR 1172688
[Gre77] M. L. Green, The hyperbolicity of the complement of 2n + 1 hyperplanes in
general position in Pn and related results, Proc. Amer. Math. Soc. 66 (1977),
no. 1, 109–113. MR 457790
[Har77] R. Hartshorne, Algebraic geometry, Springer-Verlag, New York-Heidelberg,
1977, Graduate Texts in Mathematics, No. 52. MR 0463157
[Keb13] S. Kebekus, Pull-back morphisms for reflexive differential forms, Adv. Math.
245 (2013), 78–112. MR 3084424
[KKMSD73] G. Kempf, F. F. Knudsen, D. Mumford, and B. Saint-Donat, Toroidal em-
beddings. I, Lecture Notes in Mathematics, Vol. 339, Springer-Verlag, Berlin-
New York, 1973. MR 0335518
[KM98] J. Kolla´r and S. Mori, Birational geometry of algebraic varieties, Cambridge
Tracts in Mathematics, vol. 134, Cambridge University Press, Cambridge,
1998, With the collaboration of C. H. Clemens and A. Corti, Translated from
the 1998 Japanese original. MR 1658959
[LPT18] F. Loray, J. V. Pereira, and F. Touzet, Singular foliations with trivial canon-
ical class, Invent. Math. 213 (2018), no. 3, 1327–1380. MR 3842065
[Mal76] B. Malgrange, Frobenius avec singularite´s. I. Codimension un, Inst. Hautes
E´tudes Sci. Publ. Math. (1976), no. 46, 163–173. MR 0508169
[McQ98] M. McQuillan, Diophantine approximations and foliations, Inst. Hautes
E´tudes Sci. Publ. Math. (1998), no. 87, 121–174. MR 1659270
[McQ08] , Canonical models of foliations, Pure Appl. Math. Q. 4 (2008), no. 3,
part 2, 877–1012.
[Men00] L. G. Mendes, Kodaira dimension of holomorphic singular foliations, Bol.
Soc. Brasil. Mat. (N.S.) 31 (2000), no. 2, 127–143. MR 1785264
[MM80] J.-F. Mattei and R. Moussu, Holonomie et inte´grales premie`res, Ann. Sci.
E´cole Norm. Sup. (4) 13 (1980), no. 4, 469–523. MR 608290
[MP12] M. McQuillan and G. Pacienza, Remarks about bubbles, 2012, ArXiv e-print,
arXiv:1211.0203.
[MS19] B. Molina-Samper, Invariant surfaces for toric type foliations in dimension
three, 2019, ArXiv e-print, arXiv:1905.00836.
[PS19] J. V. Pereira and R. Svaldi, Effective algebraic integration in bounded genus,
Algebr. Geom. 6 (2019), no. 4, 454–485. MR 3957403
[Rei87] M. Reid, Young person’s guide to canonical singularities, Algebraic Geometry
Bowdoin 1985 (Proc. Symp. Pure Math., ed.), 1987, pp. 345–416.
[Siu69] Y.-T. Siu, Extending coherent analytic sheaves, Ann. of Math. (2) 90 (1969),
108–143. MR 0245837
[Spi17] C. Spicer, Higher dimensional foliated Mori theory, 2017, ArXiv e-print,
arXiv:1709.06850. Accepted for publication in Compositio Mathematica.
[Sva14] R. Svaldi, Hyperbolicity for log canonical pairs and the cone theorem, 2014,
ArXiv e-print, arXiv:1410.2529v2.
APPLICATIONS OF THE MMP FOR CO-RANK 1 FOLIATIONS ON 3-FOLDS 53
[TX17] Z. Tian and C. Xu, Finiteness of fundamental groups, Compos. Math. 153
(2017), no. 2, 257–273. MR 3604863
Department of Mathematics, Imperial College London, London SW7 2AZ,
United Kingdom.
E-mail address: calum.spicer@imperial.ac.uk
EPFL, SB MATH-GE, MA B1 497 (Baˆtiment MA), Station 8, CH-1015 Lau-
sanne, Switzerland.
E-mail address: roberto.svaldi@epfl.ch
